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A neglected formula in trigonometry: sine
and cosine of x/2 in terms of sin x only

Saeed Salehi

Harish and Bina School of Al and Computer Science, Plaksha University, Mohali,
India

Some well-known formulas exist for computing cos(a/2) and
sin(a/2) for o between 0° and 90°, when cos a is known (see, e.g.
(1, p. 149]):

a 1+ cosa . o/a 1 —cosa
cos (—) =,/——— and sin (—) =,/ —
2 2 2 2

These can be derived from the double-angle formulas for cosine,
namely, cos(20) = 2 cos* 6 — 1 and cos(26) = 1 — 2sin® . Let us
write the above half-angle formulas more compactly as (see [2] for
a proof without words):

Cos /o 1
(—) = Ex/2:|:2cosa

sin \2

A natural question that comes to mind is whether there exist formu-
las for computing cos(a/2) and sin(a/2) in terms of sin a only. A

most obvious answer results from replacing cos a by v/1 — sin? a:

Ccos /a 1
(5) = E\/Z:I:Z\/l — sin a

sin
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But more can be done here, in a prettier way:

2+21—sin%a

=242/(1+ sina)(1 —sina)

= (1 +sina) + (1 —sina) £2/(1 + sina)y/(1 — sina)
= («/1—|—sina +.J1 —sinoc)2

So, this seems to be a neglected formula in trigonometry: for every
a between 0° and 90°, we have

1
cos (%) — 3 (¢1+sinaiJl—sina)

sin

The peculiar form of the formula can perhaps explain why it has
not been (discovered or) recognized as a standard formula for com-
puting the co/sine of half-angles from the sine of the original angle.
Unfortunately, I know of no nice geometric demonstration or inter-
pretation of this formula, as it contains the sum/difference of two
radicals inside which the sum/difference of 1 and sin a appear. The
whole formula and its proof are highly algebraic; so is the second
derivation of the formula that I present now.

Another way of getting this formula is using the double-angle
formula for sine: sin(26) = 2 - sin# - cos 8. So, the product (siné -
cos#) is known: (1/2) sin(26). Let us compute the sum (sin8 +
cosf):

(sin @ + cosH)?
= (sin® @ + cos’ @) + 2sin @ cos
=1+ sin(20)
So, for (sinf + cos ) > 0, we have sinf + cos@ = /1 + sin(26).

Thus sinf and cos@ are the roots of the following quadratic
equation:

1
x? — /1 +sin(20) x + 2 sin(26) =0
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Now, by using the delta formula, ﬁ (—b £ Vb* — 4ac), we get the
following formula for cos 6 > sin 6:

1

o)== (J 1+ sin(20) £ /1— sin(ze))
sin 2

In particular, for € in [0°, 45°], we obtain our seemingly neglected
trigonometric formula. Finally, let us give another formula for com-
puting the co/sine of a/2 in terms of both sina and cosa as an
exercise, with a big apology to the senior readers:

Exercise. Show that for every o between 0° and 90°, we have

cos (a) _ sina
sin \2/ V2 F 2cosa
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