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From the introduction: “An NP search problem is the problem of finding, given the
parameter x, a witness y for a true ∀Σb1 sentence, that is, a sentence of the form ∀x∃y <
k
2|x| R(x, y), where R is decidable in polynomial time. If such a sentence is provable in
a theory T , we would like to be able to extract from the proof an algorithm to solve
the problem. In this way, we think of the set of NP search problems provably total
in a theory, which we identify with the set of such sentences, as characterizing the
algorithmic strength of the theory. This is analogous with the classification of classical
fragments of PA by their provably recursive functions.
“A more satisfying characterization would be to classify the strength of the theories of
the hierarchies [of bounded arithmetic] and beyond by describing, in a non-logical way,
the class of algorithms needed to solve their provably total NP search problems, perhaps
in terms of some class of machines built up out of polynomial time ‘atoms’ and based on
a simple combinatorial principle. Again a guiding analogy here is the characterization
of the provably recursive functions of fragments of PA in terms of primitive recursive
functions and countable ordinals. . . .
“Our characterizations involve a ‘local improvement’ principle, LI, which is about
labellings of a directed, acyclic, bounded-generated graph. We are given a scoring
function that computes a ‘score’ for every node in the graph from the labels given to
that node and its neighbours; an initial labelling which scores 0 everywhere; and an
improvement function which allows us to increase the score of a node x by 1 if the score
s of x under the current labelling is even and all predecessors of x already score s + 1, or
if the current score s is odd and successors already score s + 1. The principle says that
under these conditions, we can find labellings that give arbitrarily high scores.
“The principle can be thought of as an exponentially blown-up version of PLS:
the solution space is the set of (exponential-sized) total labellings, and the cost of a
labelling is the (exponential-sized) total assignment of scores to nodes that it generates.
The improvement functions change a labelling to give you a ‘better’ cost. However, all
functions work locally, on a finite part of a labelling at a time; this is what allows the
principle to be written in a ∀Σb1 way.
“In its full strength, LI captures the ∀Σb1 consequences of V21 . If we restrict the score
to be of at most polylogarithmic size in our parameters, and fix the graph to an interval
[0, a) with the usual ordering on it, the principle captures the ∀Σb1 consequences of U21 .
If we restrict the maximum score to a finite number k, and keep the graph as an interval,
it corresponds to the game induction principle [. . . ] and thus to the ∀Σb1 consequences
of T2k (equivalently, of S2k+1 ); in particular for k = 1 it can be seen to correspond to the
‘exponentially long iteration’ version of PLS.
“In this way we give new algorithmic/combinatorial characterizations of the strength
of a large range of bounded arithmetic theories, in a uniform way (except, unfortunately,
for the change in the topology of the underlying graph), over PV, a relatively weak base
theory.
“The results mentioned above concern bounded arithmetic theories with the smash

function, corresponding to the polynomial hierarchy and its extensions. But by a similar
construction we can show that the principle LI captures precisely the ΣB
0 consequences
of V 1 over V 0 , where V 1 is a ‘linear’ version of V21 and V0 has essentially the strength of
I∆0 . . . . Via the RSUV translation between one-sorted theories with the smash function
and two-sorted theories without it, this can be seen as a new characterization of the
‘∀Πb1 consequences of S21 ’ (previously known characterizations have usually been based
on consistency statements for extended Frege and related propositional proof systems,
although these can have an elegant combinatorial nature. . . ). We would suggest that
questions about the ∀Πb1 consequences of S21 are more naturally studied in the secondorder setting. This is because using the first-order setting leads to issues about finding
a suitable language (for example, a language containing all polynomial time functions
is too strong) and a suitable base theory (BASIC is too weak and PV too strong). V 0
provides a robust base theory which is substantially weaker than V 1 , and studying the
strength of V 1 over V 0 is analogous to studying complexity classes below P using AC0 Saeed Salehi
reductions.”
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