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The author presents two theorems as natural constructive counterparts to Birkhoff’s classical
theorem (that a class of algebras is axiomatized by a set of identities if and only if it is closed under
subalgebras, homomorphic images, and products). An algebra G is called generic for a class C of
algebras when any identity that holds in G also holds in any member of C. The first constructive
theorem states: if C contains a generic member G, and
(i) is closed under homomorphic images,
(ii) contains those algebras whose finitely-generated subalgebras are in C, and
(iii) contains every power of G,
then it is axiomatized by the set of G-identities.
The author notes that many natural classes of algebras, like commutative rings, fields and Boolean
algebras, contain a generic member.
A set-indexed family {Gi } of algebras of the class C is called a generic family when any identity
which holds in every Gi also holds in every member of C. By impredicative methods and using the
powerset and full separation one can prove that every class that is closed under isomorphisms and
subalgebras contains a generic family. The second constructive theorem states that: if C contains
a generic family {Gi } and is closed under
(i) homomorphic images,
(ii) subalgebras,
(iii) inductive limits, and
(iv) products,
Q
then it is axiomatized by Gi -identities.
Reviewed by Saeed Salehi
References
1. G. Birkhoff, On the structure of abstract algebras. Proc. Cambridge Phil. Soc. 31, 433–454
(1935).
2. S. Burris and H. P. Sankappanavar, A Course in Universal Algebra (Springer, 1981).
MR0648287 (83k:08001)
3. G. Grätzer, Universal Algebra, second edition (Springer, 1979). MR0538623 (80g:08001)
4. E. Bishop, Foundations of Constructive Analysis (McGraw-Hill Book Co., 1967). MR0221878
(36 #4930)
5. T. Streicher, Realizability. Lecture notes (2004/05). Available at http://www.mathematik.tudarmstadt.de/∼streicher/.

6. A. Bauer, The realizability approach to computable analysis and topology. Ph. D. thesis, School of Computer Science, Carnegie Mellon University (2000). Available at
http://andrej.com/thesis/.
7. B. Nordström, K. Petersson, and J. Smith, Programming in Martin-Löf’s Type Theory (Oxford
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