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HERBRAND CONSISTENCY OF SOME ARITHMETICAL THEORIES
SAEED SALEHI

Abstract. Godel’s second incompleteness theorem is proved for Herbrand consistency of some arith-
metical theories with bounded induction, by using a technique of logarithmic shrinking the witnesses
of bounded formulas. due to Z. Adamowicz [Herbrand consistency and bounded arithmetic, Fundamenta
Mathematicae, vol. 171 (2002), pp. 279-292]. In that paper, it was shown that one cannot always shrink
the witness of a bounded formula logarithmically, but in the presence of Herbrand consistency, for theories
1Ay + Qn with m > 2. any witness for any bounded formula can be shortened logarithmically. This
immediately implies the unprovability of Herbrand consistency of a theory 7' D 1Ag + € in T itself.

In this paper. the above results are generalized for 1Ay + ;. Also after tailoring the definition of
Herbrand consistency for 1A, we prove the corresponding theorems for IAg. Thus the Herbrand version
of Godel’s second incompleteness theorem follows for the theories I1Ag + Q) and IA.

81. Introduction. By Godel’s first incompleteness theorem Truth is not the same
as Provability in sufficiently strong theories. In other words, Provable is a proper
subset of True, and thus True is not conservative over Provable. It is not even
IT;-conservative; i.e., there exists a I1;-formula, in theories which can interpret
enough arithmetic, which is true but unprovable in those theories. Thus one way of
comparing the strength of a theory 7" over one of its sub-theories S is considering the
IT;-conservativeness of T over S. Indeed, Godel’s second incompleteness theorem
provides a IT;-candidate for this purpose: Con(S), the statement of the consistency
of S. By that theorem we have S ¥ Con(S), but if 7  Con(S) then T is not
I1;-conservative over S.

Examples abound in mathematics and logic: Zermelo—Frankel Set Theory ZFC
is not I1j-conservative over Peano’s Arithmetic PA, because ZFC - Con(PA) but
PA ¥ Con(PA). Inside PA the X,-hierarchy is not a Il;-conservative hierarchy,
since 1X,,; F Con(IZ,) though IZ, ¥ Con(IX,); see e.g., [7]. Then below the
theory IZ; things get more complicated: for IT;-separating 1Ay + Exp over 1A
the candidate Con(IAg) does not work, because I1A; + Exp ¥ Con(IAg). For this
IT;-separation, Paris and Wilkie [10] suggested the notion of cut-free consistency
instead of the usual—Hilbert style—consistency predicate. Here one can show that
IAg +Exp - CFCon(IAg). and then it was presumed that IA¢ ¥ CFCon(IA,), where
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CFCon stands for cut-free consistency. But this presumption took a rather long
time to be established. Meanwhile, Pudldk in [11] established the IT;-separation
of Ay + Exp over 1Ay by other methods, and mentioned the unprovability of
CFCon(IAp) in 1A as an open problem. This problem is interesting in its own
right. Indeed Godel’s second incompleteness theorem has been generalized to
all consistent theories containing Robinson’s Arithmetic Q, in the case of Hilbert
consistency; see [7]. But for cut-free consistency it is still an open problem whether
the theorem holds for Q, and its not too strong extensions. This is a double
strengthening of Godel’s second incompleteness theorem: weakening the theory and
weakening the consistency predicate. Let us note that since cut-free provability is
stronger than the usual Hilbert provability (with a super-exponential cost), then cut-
free consistency is a weaker notion of consistency. Indeed, proving Gédel’s second
incompleteness theorem for weak notions of consistencies in weak arithmetics turns
out to be a difficult problem. We do not intend here to give a thorough history of
this ongoing research area, let us just mention a few results:

e 7. Adamowicz was the first one to demonstrate the unprovability of cut-free
consistency in bounded arithmetics, by proving in an unpublished manuscript
in 1999 (later appeared as a technical report [1]) that the tableau consistency of
1A, + Q is not provable in itself. Later with P. Zbierski (2001) she proved Godel’s
second incompleteness theorem for the Herbrand consistency of 1Ag + Q, (see [3]).
and a bit later she gave a model theoretic proof of it in 2002; see [2].

e D. E. Willard introduced an IAy-provable IT;-formula V' and showed that any
theory whose axioms contains Q + V' cannot prove its own tableaux consistency.
He also showed that tableaux consistency of 1A is not provable in itself, see [16, 17];
this proved the conjecture of Paris and Wilkie mentioned above.

e S. Salehi (see [13] Chapter 3 and also [12]) showed the unprovability of Her-
brand consistency of a re-axiomatization of IA in itself, the proof of which was
heavily based on [3]. The re-axiomatization used PA~, the theory of the positive
fragment of a discretely ordered ring, as the base theory, instead of Q, and as-
sumed two IAj-derivable sentences as axioms. Also the model-theoretic proof of
Z. Adamowicz in [2] was generalized to the IAg + Q; case in Chapter 5 of [13]. A
polished and updated proof of it appears in the present paper.

e L. A. Kotodziejczyk showed in [8] that the notion of Herbrand consistency
cannot IT;-separate the hierarchy of bounded arithmetics (this IT;-separation is still
an open problem). Main results are the existence of an n for any given m > 3 such
that S,, ¥ HCon(S!,), and the existence of a natural n € N such that |J,, S ¥
HCon(S%), where HCon stands for Herbrand consistency.

e 7. Adamowicz and K. Zdanowski have obtained some results on the unprov-
ability of the relativized notion of Herbrand consistency in theories containing
IAo + Q;: see [4]. Their paper contains some insightful ideas about the notion of
Herbrand consistency.

For IAy + Q) the arguments are rather smoother, in comparison to the case of TA.
Our proof for the main theorem on [Ag + Q; borrows many ideas from [2], the major
difference being the coding techniques and making use of a more liberal definition
of Herbrand consistency. The definition of HCon given in [3] and [2] depends on a
special coding given there. For reading the present paper no familiarity with [3] is
needed, but a theorem of [2] will be of critical use here (Theorem 3.6). We will even
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use a modified version of it (Theorem 4.2). For IA; we will see that our definition
of HCon is not best suited for this theory; and we will actually tailor it for IA,.
A hint for the obstacles in tackling Herbrand consistency in 1Ay can be found in
Chapters 3 and 4 of [13].

In Section 2 we introduce the ingredients of Herbrand’s theorem from scratch,
and then explain how they can be arithmetized by Godel coding. This sets the
stage for Section 3 in which we formalize the notion of Herbrand model and use
it to prove our main theorem for IA¢ 4+ ;. Finally in Section 4 we modify our
definitions and theorems to fit the Ay case. After pinpointing the places where we
have made an essential use of Q;, we do some tailoring for IAg, and prove our main
result for IAy. We finish with some conclusions and open questions.

§2. Basic definitions and arithmetizations. This section introduces the notions
of Herbrand provability and Herbrand consistency, and a way of formalizing and
arithmetizing these concepts. The first subsection can be read by any logician.
The second subsection gets more technical with Godel coding, for which some
familiarity with [7] is presumed.

2.1. Herbrand consistency. Skolemizing a formula is usually performed on prenex
normal forms (see e.g., [6]). and since prenex normalizing a formula is not necessar-
ily done in a unique way, then one may get different Skolemized forms of a formula.
For example, the tautology F = Vx ¢(x) — Vx ¢(x) can be prenex normalized
into either Vx 3y (¢(y) — ¢(x)) or 3y Vx (¢(y) — ¢(x)). These two formulas can
be Skolemized respectively as ¢(f(x)) — ¢(x) and ¢(c) — ¢(x). where f is a new
unary function symbol, and ¢ is a new constant symbol. Here we briefly describe
a way of Skolemizing a (not-necessarily prenex normal) formula which results in a
somehow unique (up to a variable renaming) formula.

A formula is in negation normal form when the implication symbol does not
appear in it, and the negation symbol appears in front of atomic formulas only. A
formula can be (uniquely) negation normalized by the following rewriting rules:

(A — B)=> (-AV B); A= A:
—(A4V B) = (-4 A -B); (A AB) = (-4 V -B);
—Vx A(x) = Ix =A(x); —3x A(x) = Vx =A4(x).

A formula is called rectified if no variable appears both bound and free in it, and
different quantifiers refer to different variables. A formula is called rectified negation
normal if it is both negation normalized and rectified. Again, any formula can be
rectified. Indeed, any given formula is equivalent to its rectified negation normal
form (RNNF) which can be obtained from the formula in a unique (up to a variable
renaming) way (see e.g., [5]).

Now we introduce Skolem functions for existential formulas: for any (not nec-
essarily RNNF) formula of the form 3x 4(x). let f5, 4(,) be a new m-ary function
symbol where m is the number of the free variables of 3x 4(x). When m = 0 then
fax 4(x) Will obviously be a new constant symbol (cf. [6]).

DEFINITION 2.1. Let ¢ be an RNNF formula. Define ¢° by induction:

e ©° = ¢ for atomic or negated-atomic ¢;
e (pow)® =pSoySforoc {A v} and RNNF formulas ¢, y:
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o (Vxp)> = Vxgp®:

o (3xp)® = @°[f3, () (¥)/x] where  are the free variables of 3x ¢(x) and
the formula ¢°[f5, o(x) (¥)/x] results from the formula (° by replacing all the
occurrences of the variable x with the term fa, (. (7).

The Skolemized form of any (not necessarily RNNF) formula y is obtained in the
following way: using the above rewriting rules we negation normalize y and then
rename the repetitive variables (if any) to get a rectified negation normal form of
w. say . Then we get ¢° by the above definition, and remove all the (universal)
quantifiers in it (together with the variables next to them). We denote thus resulting
Skolemized form of y by 5k, -

Note that w3 can be obtained from y in a unique (up to a variable renaming)
way, and it is an open (quantifier-free) formula. For the above example F, assuming
that ¢ is atomic, we get F°> = (Iy =¢(y) V Vx ¢(x))% = =(c) V Vx ¢(x). and thus
FS = =¢(c) V ¢(x) = ¢(c) = ¢(x).

DEerFNITION 2.2. A Skolem instance of the formula  is any formula resulting
from substituting the free variables of y5* with some closed (variable-free) terms.
So. if x1..... X, are the free variables of y5* (thus written as 5% (xy. ..., X)) then
a Skolem instance of y is t//Sk[tl/xl,... ,tn/xy] where t1....,1, are closed terms

(which could be constructed from the Skolem functions symbols).
The Skolemized form of a theory T is by definition 75 = {5 | p € T}. A

We are now ready to state an important theorem discovered by Herbrand (prob-
ably by also Skolem and Gdédel). This theorem has got some few names, and by
now is a classical theorem in Mathematical Logic. Here we state a version of the
theorem which we will need in the paper. The proof is omitted, though it is not too
difficult to prove it directly (see e.g., [5]).

THEOREM 2.3 (Herbrand). Any theory T is equiconsistent with its Skolemized the-
ory TSX. Any theory T is consistent if and only if every finite set of Skolem instances
of T is (propositionally) satisfiable. -

We will use the above theorem, which reduces the consistency of a first-order
theory to the satisfiability of a propositional theory, for the definition of Herbrand
Consistency: a theory T is Herbrand consistent when every finite set of Skolem
instances of 7T is propositionally satisfiable. One other concept is needed for for-
malizing Herbrand consistency of arithmetical theories: evaluation.

CONVENTION 2.4. Throughout the paper we deal with closed (or ground) terms
(i.e., terms with no variable) and for simplicity we call them “terms”. For this to
make sense, we may assume that the language of the theory under consideration
has at least one constant symbol. .

DEFINITION 2.5. An evaluation is a function from the set of all atomic formulas
constructed from a given set of terms A to the set {0, 1} such that
(i) p[t=t] = 1forallt € A; and for any terms z, 5 € A,
(i) if p[r=s] = 1 then p[p(t)] = p[e(s)] for any atomic formula ¢ (x).
The relation «~, on Ais defined by t «~, s <= p[t=s]=1fort.s € A. -

LEMMA 2.6. The relation «~, defined above is an equivalence relation.
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PrOOF. For ¢(x) = (s=x) from p[t=s] = 1 one can infer p [s=t] = p[p()] =
ple(s)] = pls=s] = 1. So.t «~, s implies s «~, 7. Also for ¢(x) = (1=x) the
condition p [s=r] = 1 implies p [t=s] = p[¢(s)] = p[¢(r)] = p[t=r]. S0, ~, isa
symmetric and transitive (also, by definition, a reflexive) relation. -

NOTATION 2.7. The «,-class of a term t is denoted by t/ p: and the set of all such
p-classes for each t € A is denoted by A/ p.

For simplicity, we write p |= ¢ instead of p[p] = 1; thus p }~ ¢ stands for
plp] = 0. This definition of satisfying can be generalized to other open formulas in
the usual way:

e plEwAyifandonlyif p = andp = y:

e plEwVyifandonlyif p =g orp = y:

o pl= - ifandonly if p i . .
Let us note that «~, is a congruence relation as well. That is, for any set of terms
t;and s; (i = 1....,n) and function symbol £, if p Et=s A At,=s, then

pESft.....ta) = f(s1.....80).

DEerINITION 2.8. If all terms appearing in a Skolem instance of ¢ belong to the
set A, that formula is called an Skolem instance of ¢ available in A.

An evaluation defined on A is called a ¢-evaluation if it satisfies all the Skolem
instances of ¢ which are available in A.

Similarly, for a theory 7', a T-evaluation on A is an evaluation on A which satisfies
every Skolem instance of every formula of 7" which is available in A. -

For illustrating the above concepts we now present an example.

EXAMPLE 2.9. Tuake the language & = {g, P. R. S} in which g is a unary function
symbol, and P is a binary predicate symbol, and R, S are unary predicate symbols.
Let the theory T be axiomatized by:

Ti: Vx 3y P(x,y);

T: Vx (R(x) V S(gx)):

Ts3: Vx.y (=P(x.y) V =S(x)).
Let us, for the sake of simplicity, denote f5, p(y ) by f: then the Skolemized form of
the above theory is:

TSk P(x.§x); T5% R(x)V S(gx): T3&: =P(x,y)V-S(x).

For a constant symbol ¢ let A = {c.gc.fc}. Then P(c.fc) and R(c) VvV S(gc)
are Skolem instances of T (of Ty and T») available in A, but the Skolem instance
R(gc) Vv S(ggc) of T, is not available in A. Let us note also that the Skolem instance
—P(gc.fgc) vV =S(gc) of Ts is not available in A.

Let q be an evaluation on A whose set of true atomic formulas is { P(c,fc). R(c)}.
Then q is a T-evaluation. On the other hand the evaluation r on A whose set of true
atomic formulas is {P(c,§c), R(c), S(c)}. is not a T-evaluation, though it satisfies
all the Skolem instances of T\ and T, which are available in A. Note that r does not
satisfy the Skolem instance ~P(c,fc) V =S(c) of Ts. =

By the above theorem of Herbrand, a theory T is consistent if and only if every
finite set of its Skolem instances is satisfiable, if and only if for every finite set of
terms A there is a T-evaluation on A. And for a formula ¢. T F ¢ if and only
if there exists a finite set of terms A such that there is no (T + —¢)-evaluation
on A. We call this notion of provability, Herbrand Provability; note that Herbrand
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Consistency of a theory T means the existence of a T-evaluation on any (finite) set
of terms.

EXAMPLE 2.10. In the previous example, let ¢ = ¥Yx R(x). We show T + ¢ by
Herbrand provability. We have (—@)RNNF = 3x —R(x); let ¢ denote the Skolem
constant symbol f3, _g(y): so we have () = =R(c). Put A = {c.gc.fgc}.
and assume (for the sake of contradiction) that there is a (T + —)-evaluation p
on A. Then p must satisfy the following Skolem instances of T in A: P(gc, fgc),
R(c) v S(gc), and ~P(gc.fgc) vV ~S(gc). Whence p must also satisfy —S(gc) and
R(c). So p cannot satisfy the Skolem instance =R (c) of = in A. Thus there cannot
be any (T + —p)-evaluation on A; whence T + .

Note that finding an appropriate A is as complicated as finding a formal proof. For
example we could not have taken A as {c, gc. fc}, since the evaluation q in the previous
example would be a (T + —p)-evaluation on that set. -

The following couple of examples give thorough illustrations for the above ideas,
and they will be actually used later in the paper.

EXAMPLE 2.11. Let Q denote Robinson’s Arithmetic over the language of arithmetic
0.5, +, -, <), where 0 is a constant symbol, s is aunary function symbol, +, - are binary
Sfunction symbols, and < is a binary predicate symbol, whose axioms are:

Ap:Vx (sx #0); Ay VxVy (sx =sy = x =y):
Ay:Vx(x #0—=3y[x =s5y]); Ag:VxVy(x <y < Iz[x+z=y]):
As: Vx (x +0 = x); Ae: VxVy (x + sy =s(x +p)):
A7:9x (x -0 =0); Ag:VxVy(x- sy =x-y+x).

Letyw =Vx (x <0—=x=0)andp =VxVy(x <sy = x=syVx <y). Wecan
show Q F w and Q \ ; these will be proved below by Herbrand provability. Suppose
Q has been Skolemized as below:

ASK: sx #:0 A3 sx #£sy VX =y

AR x=0vx=spx; AF:[xLyVvx+hx,y)=pIA[x+z#pyVx <yl
A x +0=x: A% x 45y =s(x +y):

ASE: x0=0; A x-sy=x-y+x

Here p abbreviates {5, (.—_qy) and by stands for §3. (x4 -—,)-
For a fixed term t, put ¥, be the following set of terms:

T, ={0.7.14+0.5(2.0).ph(2.0).5ph(2.0). t + sph(2.0). s(r + sph(2.0))}.

and suppose that p is an Q-evaluation onX,. We show that p =t £ 0V t = 0. Note
that yS¢ = (x £ 0V x = 0). If p is such an evaluation and if p |= t < 0, then by
ASK we have p =t + h(£,0) = 0. Now, either p = §(2,0) = 0 or p = h(£,0) = 0.
In the former case, we have p |= t + 0 = 0 which by A3* implies p =t = 0. In the
latter case, by ASX we get p = h(1,0) = sph(2.0), and then p = 0 = ¢ + h(2.0) =
t +sph(2.0) = s(z + ph(2.0)) by ASX, which is a contradiction with AS. Thus we
showed that if p =t < 0 then necessarily p =1t = 0.
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Now, for two fixed terms u,v define I, as

Tuw = {0, u.v. 50, h(u, 5v), ph(u, sv), sph(u, sv), u + ph(u, sv),
u + sph(u,sv).s(u + phu, sv))}.

We show that any Q-evaluation on T',,,, must satisfy u & svV u = sv V u < v. Note
that the Skolemized form of ¢ is % = (x £ sy V.x = sy Vx < y). Suppose
p is an Q-evaluation on Ty,,. Then either p = h(u,sv) = 0 or p E b(u,sv) # 0.
In the former case, by ASX. we have p = u £ sv V u + 0 = sv, and then by Agk,
plEu L svVu = sv. Andin the latter case p = h(u,sv) = sph(u.sv) by
ASK, also by ASK we have p = u £ sv V u + sph(u.sv) = sv. On the other
hand from A% we get p = u + sph(u.s5v) = s(u + ph(u.sv)). Whence we get
pEu%svVs(u+ph(u.sv)) =sv, thenby A, p = u £ svVu+ph(u,sv) = v,
which by AS% implies p = u £ sv VvV u < v. Hence, in both cases we showed
pEugsvVu=svVu<v. Finally, let us note that one could present a Herbrand
proof of QF yw and Q & ¢ in a very similar way. -

EXAMPLE 2.12. In the language of Example 2.11, (0.s.+. -, <). let ind,, be the
following induction scheme for the formula y(x):

w(0) AVx (w(x) = w(sx)) — Vx w(x).
Assume for the moment that y is an atomic formula. Then the Skolemization of ind,,
results in indy*: —y(0) v ((//(c) A ﬁy/(sc)) V w(x), where ¢ is the Skolem constant

symbol § . Then any ind,-evaluation p on the set of terms {0, ¢, sc. 1}

Ix (y/(x)/\—\w(sx))
must satisfy one of the following:

either (1) p = w(0) or (2) p = w(c) A —~y(sc) or (3) p = w(1).
Now take w(x) to be the existential formula 3y ¢(x. y) in which ¢ is an atomic
SJormula. Then the Skolemized form of ind,, will be as

indik: - (0. u) vV (cp(c,qc) A —mp(ﬁc,v)) Vo (x.q(x)).

where q is the Skolem function symbol for the formula 3y ¢(x, y), and c is the Skolem
constant symbol for the sentence 3x (Fw (x, w) A Vv —p(sx.v)). The (fresh) vari-
ables u, v and x are free.

We will need the case of p(x,y) = (y <Xx-xAy =x- x) in the proof of
Theorem 4.3 below. In this case the Skolemized form of ind,, is

(u §§02\/u7é02)\/
((qc <EAqe=) A (v £ (s¢)? Vo # (5c)2)) \/
(a(x) < x* Aglx) = x7).
The notation o° is a shorthand for ¢ - o. Define the set of terms Y by
T ={0.0+0.0% c.c’. ¢> + 0.sc. qc. (s¢)%. (sc)> + 0}

and suppose p is an (Q + ind,, )-evaluation on the set of terms Y U {t. 1%, q(t)}. Then
p must satisfy the following Skolem instance (d) of ind,, which is available in the set
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0£0°vo#07)\/
((ae <@ nae =) A ((s0) & (50 v () # (s0)2) ) \/
(a(t) < 2 Aqlt) =17).

Now since p |=0-0 =040 = 0 then, by Q’s axioms, p =0 < 0> A0 = 0, and so
p cannot satisfy the first disjunct of (8). Similarly, since p = (s¢)> +0 = (sc)? then
P = (s¢)?> < (sc)?, thus p cannot satisfy the second disjunct of (d) either, because
p k= (s¢)? = (sc)?. Whence, p must satisfy the third disjunct of (3), then necessarily
p = q(t) = > must hold. -

REMARK 2.13. The arguments of the above two examples can be generalized as
Sfollows: if T = Vx0(x) where 0 is an open (quantifier-free) RNNF formula, then
(=Vx 0(x))S = —0(¢) in which T is a sequence of Skolem constant symbols. There
exists a set of terms I (constructed from the Skolem function and constant symbols
of T with €) such that there exists no (T + =Vx 0(xX))-evaluation on T. So, for any
sequence of terms T, if T(T) is the set of terms which result from the terms of T’ by
substituting ¢ with T, then any T -evaluation on T (T) must satisfy the formula 0(7). -

2.2. Arithmetization. Fix %, to be our language of arithmetic; one can set £y =
0,1,4.-,<)aseg.,in[9)or s = (0,5, +, -, <) ase.g., in [7]. Later it will be clear
that choosing this fixed language is not of much importance.

Peano’s arithmetic PA is the first-order theory that extends Q (see Example 2.11)
by the following induction schema for any arithmetical formula ¢(x): ©(0) A
Vx (¢p(x) = ¢(x +1)) = Vx ¢(x). Fragments of PA are extensions of Q with the
induction schema restricted to a class of formulas. A formula is called bounded if
its every quantifier is bounded, i.e., is either of the form Vx < #(...) or Ix < #(...)
where ¢ is a term; they are read as Vx (x < ¢t — ...) and Ix(x < t A ...)
respectively. It is easy to see that bounded formulas are decidable. The theory 1A,
also called bounded arithmetic, is axiomatized by Q plus the induction schema for
bounded formulas. The exponentiation function exp is defined by exp(x) = 2%;
the formula Exp expresses its totality: (Vx 3y [y = exp(x)]); let us note that the
formula “y = exp(x)” (the graph of the exponentiation function) can be written
by a Ag-formula (see e.g.. [7]). The converse of exp is denoted by log which is
formally defined as logx = min{y | x < exp(y)}: and the initial segment fog
consists of the logarithms of all elements: fog = {x | dy [exp(x) = y]}. The
superscripts above the function symbols indicate the iteration of the functions:
exp?(x) = exp(exp(x)). log? x = loglogx: similarly the initial segment fog" is
{x | Iy [exp"(x) = p]}. Let us recall that Exp is not provable in IAy. Between
IAo and IA¢ + Exp a hierarchy of theories is considered in the literature, which
has close connections with computational complexity. Define the function w,, to
be w, (x) = exp” ((log” x) - (log” x)). It is customary to define this function by
induction: w(x) = x? and w,41(x) = exp(w,(log x)). Let Q, express the totality
of oy (e, Qn =Vx Iy [y = on(x)]).

By Godel’s coding method, we now rest assured that the concepts introduced in
the previous section all can be formalized (and arithmetized) in the language of
arithmetic. But we need just a bit more; and that is an “effective” coding, suitable
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for bounded arithmetic. The one we adopt here is taken from Chapter V of [7]. For
convenience, and shortening the computations, we introduce the & notation (for
polynomially bounding).

DEFINITION 2.14. We say « is of Z(f), when the code of « (denoted "a™) is
bounded above by a polynomial of 8; and we write this as "o < £ (), meaning
that for some # the inequality "o ' < " + n holds. -

Let us note that o < () is equivalent to the old (more familiar) O-notation
“loga € @(log B)”. Here we collect some very basic facts about this fixed efficient
coding that will be needed later.

REMARK 2.15. Let A be a set or a sequence of terms, and let |A| denote the car-
dinality of A, when A is a set, and the same |A| denote the length of A, when A is a
sequence. Then

o ()< 9("a™ + 1)? (Lemma 3.7.2 page 297 of [7]):

e "A~B"(TAUB") < 64-("A"-"B") (Proposition 3.29 page 311 of [7]):

e (|4]) < (log™A") (Definition 3.27 and Section (e) pages 304-310 of [7]):
where A ~ B is the concatenation of (the sequences) A and B. -

If we let i’jk be the closure of .#4 under Skolem function and constant symbols,
i.e., let Z5X be the smallest set that contains .Z4 and for any #5¥-formula 3x ¢(x)
we have f3, 4(,) € Z5*. then this new countable language can also be coded, and
this (re-)coding can be generalized to Z$X-terms and Z$-formulas. We wish to
compute an upper bound for the codes of evaluations on a set of terms A. For
a given A, all the atomic formulas, in the language #,4, constructed from terms
of A are either of the form r=s or of the form ¢ < s for some ¢, s € A. And every
member of an evaluation p on A is an ordered pair like (r=s, i) or (¢t < s, i) for some
t,s € Aandi € {0, 1}. Thus the code of any member of p is a constant multiple of
(T¢7-Ts7)%. and so the code of p is bounded above by Z(], oA 17 "s7).

LEMMA 2.16. For a set of terms A and evaluation p on it,” p7 < P (w1 (TA")).

Proor. It follows by the above remark and the afterward explanations, noting that
HI,SEAI_Z—I LT < ga(HreA(rtﬂ)ﬁA\) < @(FA1)2logrA—| < g((FAT)log(rA‘l)). 4

Let us have another look at the above lemma, which is of great importance. For
a set of terms A, there are |A| terms in it (the cardinality of A). So, there are 2|A|?
atomic formulas constructed from the terms of A (atomic formulas of the form
t=sort < sforts € A). And thus, there are exp(2|A|?) different evaluations
on the set A. And finally note that by |A| < (log"A7) we get exp(2|A]?) <
2 (exp((log"A7)?)) < £ (wi1("A7)). So. in the presence of w;("A™) we have all
the evaluations on A in our disposal.

All these concepts can be expressed in the language of arithmetic #4 by appro-
priate formulas. The predicate “Herbrand Consistency of the theory 7" can be
arithmetized as “for every set of terms there exists an T-evaluation on it”. Let
HCon(T) denote the Z4-formula “T is Herbrand consistent”.

§3. Herbrand models. For a theory 7', when A is the set of all terms (constructed
from the function symbols of the language of 7" and also the Skolem function
symbols of the formulas of T') any T-evaluation on A induces a model of T', which
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is called a Herbrand model. Here we use this notion for building up a definable inner
model, which will constitute the heart of the proof of our main result for IAg + Q;.

3.1. Arithmetically definable Herbrand models. In the sequel, we arithmetize Her-
brand models.

DEFINITION 3.1. Let Z be a language and A be a set of (ground) terms' (con-
structed by the Skolem constant and function symbols of Z).
Put A = A, and define inductively

A = AR U{f(t1.tm) | f €L & t1,..., tmw € AR}
U{fgxwx)(ll,...,lm) [Ty <k & t1,....ty €A<k>}.

Let A{> denote the union J, .y A
Suppose p is an evaluation on A, Define M(A. p) = {t/p | t € A’} and
put the Z-structure on it by

o ALt /p. . tw/p) = f(t1.....tn)/p.and
o RN —{(11/p.....tn/p) | p = R(t1.... 1)}
for f,Re Zandt.,....t,, € A,

LEMMA 3.2. The function ™ A-P) and the relation R™V A1) are well-defined in DEF-
INITION 3.1, and when p is an T-evaluation on A\, for an Z-theory T . then we have
MA.p) =T.

PrOOF. That the functions f?¥A-?) and the relations R¥*A-?) in DEFINITION 3.1
are well-defined follows directly from the definition of an evaluation (Definition 2.5).
By the definition of A{>°) the structure M(A. p) is closed under all the Skolem
functions of ., and moreover it satisfies an atomic (or negated atomic) formula
At/ p. ..., tm/p) if and only if p = A(#1,....%,). Then it can be shown, by
induction on y that for every RNNF formula y, we have (A, p) &= w whenever
p satisfies all the available Skolem instances of y in A{>). .

We need an upper bound on the size (cardinal) and the code of A/},

LemMA 3.3. The following inequalities hold when™ A and || are sufficiently larger
than n (when exp*(n) < "A7, |A):

(1) A" < 2 (|A™). and

(2) FAMT < ga((r/\ﬁ)\/wnmr).

PrOOF. Denote "A¥) 7 by J; (thus "A™ = Jy = A) and |A®)| by g4 (and thus
|A| = g9 = o). We first note that o1 < o + Mo + ko for a fixed M € N.
Thus for k > M we have 441 < oy + 2kof < Z(of 1), and then, by an inductive
argument, we have g, < Z(ag").

For the second statement, we first compute an upper bound for the code of
the Cartesian power 4™ for a set 4. Similarly the proof of Lemma 2.16, we

can show "4 < P ([T gsent7-757) < P (TR T 470141 "and thus
"4 < P("A7MI") can be proved by induction on m. Now we have 21 <
P (TART T (AR (AR for a fixed M. So. ixp1 < (A7) and finally
the conclusion 4,, < P (/1”('”“)!) follows by induction on m. A

"'Note that we put no restriction on the cardinality of the set A.
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Stating the above fact as a lemma, despite of the fact that it is indeed a crucial
tool for our arguments, let us state the following corollary of it as a theorem, and
later on we will use the theorem and will leave the lemma right here.

THEOREM 3.4. If for a set of terms A with non-standard " A™ the value w>("A™)
exists, then for some non-standard j the value " A7 will exist.

PrOOF. There must exist a non-standard j such that j < log*("TAT). Thus
2(j 4+ 1)! < 2% < log* A™. Now. by Lemma 3.3 we can write

|7/\</>7 < P ((rA"I)‘/\lOHN) < P ((22]0gl’/\‘\)(]ogrl\ﬁ)(/'ﬂ)!)
< @(exp«logfm)”f“”)) < 2 (exp(or(logA)).

or in other words "TAV) T < 2 (w2 (TAY)). 4

The reason that Theorem 3.4 is stated for non-standard A is that the set A{>)
needed for constructing the model 9T(A., p). is not definable in #4. But the
existence of the definable AV} for a non-standard j can guarantee the existence
of A*) and thus of M(A, p). This non-standard j exists for non-standard "A™.

3.2. The main theorem for IA( + Q;. Two fundamental theorems were proved by
Z. Adamowicz in [2] about the Herbrand Consistency of 1Ay + Q, for m > 2:

THEOREM 3.5 (Z. Adamowicz [2]). For a bounded formula 0(X) and m > 2, if
the theory (1Ag + Q) + 3X € Log" 1 0(X) + HCon®®" (1Ag + Qu) is consistent.

then so is the theory (IAg + Qn) + 3X € Log"+? 0(X). where HCon®"" is the
relativization of HCon to the initial segment £og" 2. -

THEOREM 3.6 (Z. Adamowicz [2]). For any naturalm, n > 0 there exists a bounded
Sformula y(x) such that (IAg + Qu) + 3% € Log" n(X) is consistent, but (1Ag + Q) +
3x € Log"! () is not. 4

These two theorems (by putting n = m + 1 for m > 2) imply together that for
any m > 2: TAy + Qp ¥ HCon&’ng(IAo + Q).

Here we extend Theorem 3.5 for IAg + Q;, namely we show that

THEOREM 3.7. For any bounded formula 0(x). the consistency of the theory

(IAg + Q) + 3x € Log” O(x) + HCon(IAg + Q)

implies the consistency of the theory (1Ag + Q1) + 3x € Log’ 0(x).

The rest of this section is devoted to proving this theorem. Let us note that
Theorem 3.6 holds already for 1Ay + Q). and below we reiterate the part that we
need here:

THEOREM 3.8 (Z. Adamowicz [2]). There exists a bounded formula n(x) such that
(IAg + Q) + 3X € Log? n(x) is consistent, but (1Ag + Q1) + Ix € Log’ n(X) is not
consistent. -

Having proved the main theorem (3.7), we can immediately infer that

1A + Q¥ HCOH(IAO + Q]).

As the proof of Theorem 3.7 is long, we will break it into a few lemmas. First we
note that a € fog® if and only if there exists a sequence (wo. w1, ..., w,) of length
(o + 1) such that wy = exp*(0) = 22, and for any j < a, w;;+1 = wi(w;). Noting
that w;(exp?(j)) = exp?(j+1) one can then see that w, = exp’(a). and so o € Log>.



818 SAEED SALEHI

This can be formalized in [Ag + Q) by an arithmetical formula. Note that the code
of the above sequence is bounded by @(szg w;) < P(exp( jzg exp?(j))) <
2 (exp*la+1)) < 2 (wi(exp*(a))). So. in the presence of Q. the existence
of exp®(a) guarantees the existence of the above sequence of w s

For proving Theorem 3.7 let us assume that we have a model
M = (1A + Q1) + (o € Log® A O(a)) + HCon(1Ag + Q).

for some bounded formula 0(x) and some non-standard o € . The proof
proceeds by constructing a model

N = (1A + Q) + Ix € Log® O(x).

If our language of arithmetic .#4 contains the successor function s, then define
the terms j’s by induction: 0 = 0, and j +1 = s(j). If £, does not contain s,
then it should have the constant 1, and in this case we can put j +1 = Jj+ 1
The term j represents the (standard or non-standard) number j. For the sake

of simplicity. assume w denotes the Skolem function symbol 5, (y=en ()" Put

wo = 4 and inductively w; .| = m(wj). Then wyg, in the theory IAg + Q, is the
term which represents exp®(k). Finally, put A = {0,.... o1 (@), wo., ..., wa} =
{J1J<oolfu{w; | j < a}. We can now estimate an upper bound

for the code of A: "A7 < P (Hjjl"‘(a) 21) < 2 (exp(wi(@)?)). So A has

a code in ./ (since # |= o € fLog?), and moreover the value of wy("A7) ex-
ists in .. because w2 ("A7) < P (wa(exp(wi(a)?))) < 2 (explwi(wi(a)?))) <
2 (exp? (4(loga)*)) < £ (exp*(a)). Thus by Theorem 3.4 there exists a non-
standard j such that AY) has a code in .#. Since by the assumption above we
have .# = HCon(IAg + Q). then there exists an (IAg + Q;)-evaluation p on A/
(in ). Now, by what was said after the proof of Theorem 3.4 one can construct
the model M(A, p) = /. By Lemma 3.2 we have ./ = (IAg + Q). and also
N a/p € Log® follows from the existence of w;/p’s. It remains (only) to show
that M(A, p) = 0(a/p).

For this purpose we prove the following lemmas where we assume that ./Z is as
above and there are some non-standard set of terms and evaluation A, p in . such
that A D {0....,w;(a)} for a non-standard o € Z, and p is an [Aj-evaluation

on A in .

LemMA 3.9. If (A, p) = t/p < i/p holds for a term t and i < wi(a) in A,
then (A, p) = t/p = j/p for some j < i.

PRrOOF. By the assumption, # = “p =t < ”. We prove by induction on i that
there exists some j < iin . suchthat# E“p 1t = j”.

e For i = 0 by Example 2.11 the assumption .# = “p = ¢ < 0” implies
M | “p =t =07, noting that p is an Q-evaluation on A, and thus all the
needed Skolem terms are in p’s disposal.

e Fori+1wehave # = “p =t <iVi=s(i)” by Example 2.11 and the
assumption /# = “p =1t < s(i)”. Thenif # |= “p |= ¢t = 5(i)” we are done, and
if # =“p =t < i” by the induction hypothesis there must exist some j < i in .#Z
suchthat # =E“p Et=j". =
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REMARK 3.10. The proof of the above lemma does not depend on the axioms of Q
(and 1Ao). Indeed, in some axiomatization of Q in the literature, the sentences
w =Vx(x <0 —=x=0)andp = VxVy(x <sy - x =5y Vx <) (see
Example 2.11) are accepted as axioms. In our axiomatization, the above sentences
were derivable theorems. In some axiomatizations of Q our axiom Ay is replaced with
Ay Vx,y (x <y« 3z [z + x = p]); note the difference of x + z in A4 and z + x in
A (see e.g.. []). In this new axiomatization the sentence  is not derivable. However,
since we have 1A = w A @, then by the argument of Remark 2.13, the above Lemma
3.9 can be proved by using the fact that p is an 1Ag-evaluation on A, -

LemMA 3.11. If t(x1.....xn) is an Py-term and iy, ..., in < o(a) are ele-

ments of M such that # = x < t(iy,...,in) for some x, then for some Zy-term
t'(x1.....x;) and some ji, ..., jr < wi(a)wehave # = x =1"(j1,.... ).

ProOF. By induction on (the complexity of) the term ¢.

e For t = 0 and ¢t = x; the proof is straightforward.

e For ¢t = su the assumption /# = x < su(iy, ..., i,) implies that we have either
ME x =sulit,....ipn)or M | x <uliy...., iy)is true, and then the conclusion
follows from the induction hypothesis.

e For t = u + v, and the assumption # = x < u(iy,....im) +v(i1,.... im).
we consider two cases. First if # = x < u(ij.....i,) then we are done by the
induction hypothesis. Second if /# |= u(iy.....i,) < x then there exists a y such
that #/ &= x = u(i,....in) + y and moreover #Z | y < v(i1,...,in). Now,

by the induction hypothesis there are a term t'(xi,...,x;) and some elements
Jiseevijk < wi(a) such that £ = y = /(j1...., Jjx). Whence we finally get the
conclusion & = x = u(iy.....im) + ' (j1. ... jk).

e For t = u - v, by an argument similar to that of the previous case, we can
assume A = u(iy,....im) < x <uliy,.... im) - v(i1,....im). There are some ¢, r
such that # = x = uliy,....in) - q+rand £ = r < uliy,....in). We also
have # = g < v(ij,....iy,). By the induction hypothesis there are terms 7/, " and
Jlseoosjk < wy(a)suchthat £ =g = ' (j1.,.... jx) Ar =t"(j1..... jx). Thus we

finally have #Z = x = u(i,....im) - '(Groeoos ji) 27 Gits s Jr)- =

LemMA 3.12. For i, j.k < wi(a) in A we have

(1) ifi <j <wila) then (A, p) Ei/p < j/p:

(2) ifi +j <o) then M(A.p) Ei/p+j/p=i+j/p:
(3) ifi-j<oila) thenM(A.p) Ei/p-j/p=1-j/p.

ProoF. We need to show for the i, j < w;(«) that

(1) if# Fi<jthend E“pEi<]”.

) if# l=i+j<wa)thens =“pli+j=i+ ;" and

B)if/=i-j<wi(a)thend =“pl=i-j=i-j

First we note that the statement (2) above implies already (1), since if we have
M =i < j. then for some k we should have # = i + k = j, and then by (2),
M = “p E i+ k = j” which implies (by 44 of Q—see Example 2.11) that
M = “p =i < j”. Byinduction on j, very similarly to the proof of Lemma 3.9,
one can prove the statements (2) and (3), noting that the evaluation p must satisfy




820 SAEED SALEHI

the following axioms of Q:

As: Vx (x +0=x); Ag: VxVy (x +s5y =s(x +y));

A7: ¥x(x-0=0); Ag: VxVy(x-sy =x-y+x). -
COROLLARY 3.13. Suppose for an Zy-term t(x1.....Xn) and some elements i,
cosim,i < wi(a), we have # = t(iy.....in) = i. Then we must also have
M(A. p) b= t(i/p.....im/P) =i/ p.
Proor. By induction on ¢ using Lemma 3.12. -
LeMMA 3.14. Supposeiy. ... . i, < o areelements of # for some standard number

keN,andt(xy,....,xpn). t'(xX1,....Xpn) are L4-terms. Then,if # = t(iy.....in) =

(i, ..., im) holds, (A, p) = t(i1/p. . ... im/p) =1t'(i1/p.....im/p) holds too.

PROOF. By iy, ....i, < of wehave ¢(i..... in) < wi(a). Put i be the common
value i = t(i1.....im) = t'(i1,....in). Then By Corollary 3.13 we must have that
MA.p) Et(ir/p.....in/p) =1/p =1"(it/p. - . i/ D). 5

LemmMma 3.15. Suppose iy, ..., im < af are elements of M for some standard
number k € N, and t(x1..... %), t'(x1....,x,) are two Z4-terms. If we have
M= iy, ... im) < (i1, ..., 0n) then we must also have the following satisfaction:

M(A. p) = t(i/p.....in/p) < '(i1/p.....Im/P).

ProoF. Noting that Q F Vx,p (x < y <> 3z (x + z = p)) by the assumption
there exists some f € . such that Z = t(ij...., im)+ B =1t'(i1.....in). On the
other hand # = B < t'(i1.....in). so by Lemma 3.11 there exist some term u
and some elements ji,. .., jx < wi(a) such that # = B = u(ji,...,jx). Thus
ME (i, im) Fulji. ..., jk) = s(it.....im). Now, by Lemma 3.14,

M(A.p) = t(ir/p.....im/p) +u(ji/p.....ji/p) = t'(iL/p. .. im/ D).

whence M(A. p) = t(ir/p.....im/p) < U(it/p.....im/P). x
Lemma 3.16. Suppose iy, ..., in < of are elements of M for some standard
number k € N, and t(x, ..., Xm). t'(X1.....xn) are two Ly-terms. If it is true

that # = t(iy,....in) # '(i1.....0n) then IM(A.p) = t(i1/p..... in/p) #
!'(i1/p.....im/p) must be true too. And if # = t(ir.....in) & t'(i1.....0im)
then MU(A, p) = t(ir/p.....im/p) £ 1'(it/p. ... in/ D).

Proor. It follows from Lemma 3.15 (and Remark 2.13) noting that p is an
IAg-evaluation on A and 1A  Vx.y (x #y +— sy < x Vsx < y). also

A FVx.y (x £y +— sy <x). o
THEOREM 3.17. Suppose w(xi,.... Xm) is an open RNNF Z4-formula and
iy sim < aF are elements of M for some standard number k € N. If we have

ProOr. Lemmas 3.14 and 3.15 prove the theorem for atomic formulas, and
Lemma 3.16 proves it for negated atomic formulas. The disjunctive and conjunctive
compositions of those formulas one can be proved by a simple induction. -

THEOREM 3.18. Suppose that ¢(x\....,xy) is a bounded Z4-formula and that
il,....im < o are elements of M for some standard number k € N. If # =

(i, ..., im) then M(A, p) = p(iL/p.....in/p).
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Proor. Every bounded formula can be written as an (equivalent) RNNF for-
mula. By Lemma 3.11 the range of bounded quantifiers of a formula whose all
parameters belong to the set

{e(iv, o sim) | i1s. .t in <a & tisan Zy-term}
is indeed that set again. Now the conclusion follows from Theorem 3.17. -
AN ALTERNATIVE PROOF. To make this important theorem more clear, we sketch

another proof, which is not really too different but has more model-theoretic flavor.
Consider the above set again

([O,a]),// :{Z‘(il,...,i,,7) | oo ip<a & tisaniﬂA-term}

which is a subset of .Z closed under the successor, addition, and multiplication,
and thus forms a submodel of .Z (generated by [0,a] = {x € # | x < a}). This
submodel is an initial segment of .# by Lemma 3.11. Hence, whenever .Z = ¢, for
a bounded formula ¢ with parameters in [0, ], then ([0, a])., E .

Now, similarly, the set

(10/p.a/ Py ={t(ir/p.....iw/P) | i1.....im < @ & tisan Ly-term}

is an initial segment and a submodel of /" = M(A, p). Thusif ([0/p.a/p) s = .
where ¢ is a bounded formula with parameters in [0/ p, ./ p], then (A, p) | .
Finally, we note that the mapping (i1, ....in) — t(i1/p. . ... i,/ p) defines a bijec-

tion between ([0. a]).¢ and ([0/p. &/ p]).»- which is also an isomorphism by Lemmas
3.14. 3.15 and 3.16. So the proof of the theorem goes as follows:
If # &= @(i1.....in) then ([0.a])y E (i1, ....in), so we should have that
(19/p.a/pl)s = @it/ p.....in/p) hence M(A. p) = (i1 /p. . ...in/P). 5
COROLLARY 3.19. By the above assumptions, Mt(A, p) = 0(a/p). o
Let us summarize what was argued in the last few pages.
Proor. (OF THEOREM 3.7.) By the assumption of the theorem, the theory
(IAg + Q) + 3x € Log? 0(x) + HCon(IAg + Q) is consistent. So there is a model

M (1A + Q1) + (a € Log? AO(a)) + HCon(IAg + Q).

where o € .#. We wish to show the consistency of (IAg + Q) + 3x € Log* 0(x) by
constructing a model

N = (IAg + Q) + 3x € Log® O(x).

If o is standard (i.e., o € N) then one can take /' = #. But if @ € .# is non-
standard, then we proceed as follows: Take A to be the following set of terms:
A={j|Jj<wla)}U{w;|j<a}in which the terms j’s and w;’s are defined
inductglely as0=0,j+1=sj;andwg =4 wjy = m(wj)_. Here s is the successor
function, and tv denotes the Skolem function symbol fa, (r=n ()" Now m,("A™)

is of order (far less than) 2>° which exists by the assumption .# = a € fog>.
Then by Theorem 3.4, for a non-standard j the set of terms A% has a code in
A . Thus the assumption /# = HCon(IAg + ;) implies that there must exist an
(IAg + Q) )-evaluation p on A%?. Then one can form the model ./ = M(A. p).
Now /' |= 1Ag + Q; by Lemma 3.2, and also ./ |= a/p € fog® by the definition
of w,. Finally, /" = 6(a/p) by Corollary 3.19 (of Theorem 3.18). Whence ./ is a
model of (IAg 4+ Q) + 3x € fog’ O(x): and this proves its consistency. -
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§4. Herbrand consistency of IAy. Our definition of Herbrand consistency is not
best suited for IAg: there are w;("A™)-many evaluations on a given set of terms A.
Though this may not seem a big problem in the first glance (one can change or
modify the definition accordingly) but special care is needed for generalizing the
results to the case of IAy. In the first subsection we pinpoint the critical usages of Q;
and in the second subsection we tailor the definitions and theorems in a way that
we can prove our main theorem for IA, finally.

4.1. Essentiality of Q2;. We made an essential use of Q; in the following parts of
our arguments:

1. The totality of the w; function was needed for the upper bound of the code
of an evaluation on a given set of terms A. Namely, the code of any evaluation on
A is of order w1("A™), see Lemma 2.16. And indeed there is no escape from this
bound since, as it was explained after Lemma 2.16, there are exp(2|A|?) evaluations
on A, and if |A| ~ log"A™ then there could exist as many as w;("A7)? evaluations
on A. So, if Q; is not available, then there could be a large and non-standard set
of terms I' in a model .Z such that . cannot see all the evaluations on I'. One of
those evaluations could be a T-evaluation, that an end-extension of ./, say %, can
see. Then I' is a Herbrand proof of contradiction in .Z because in .#’s view there
is no T-evaluation on I'. But there could be indeed a very large T-evaluation on
I" which ./ could not see. but % can. Thus the definition of HCon is deficient for
IAq (where Q; is not there) and one cannot consider all the sets of terms; those for
which the w; of their codes exist, should be considered instead.

2. The second critical use of Q; was in the definition of w;’s for shrinking the
(double-)logarithmic witness .# = a € fog®> to /' |= w,/p € Log®. There we
constructed the sequence (wo. . .., w,) of terms such thatwg = 4and w; | = to(w;)
where tv is the Skolem function symbol f5, [, (x))- And this was in our disposal
because Q; = Vx 3y [y = w;(x)] was one of the axioms (of IAg + ;) and thus
every (IAg + Qp)-evaluation must have satisfied to(¢) = w; ().

Note that we also required A to contain {j | j < wi(a)}, but for this we did not
need the existence of w; (); it was guaranteed by the assumption .Z = « € fog>.

4.2. Tailoring for 1A,. Here we introduce the necessary modifications on the
above two points.

4.2.1. The definition of HCon™. The first point can be dealt with by tailoring the
definition of HCon for IA:

DEermNITION 4.1. A theory T is called Herbrand Consistent*, denoted symboli-
cally as HCon™(T'), when for all set of terms A, if w;("A™) exists then there is an
T-evaluation on A. -

This, obviously, can again be formalized in the language of arithmetic. The
new definition cannot harm our arguments too much, because we needed HCon
only for some special set of terms. And it was A%/} for some non-standard j
where A = {j | j < wi(a)} U{w; | j < a}. For constructing the model
M(A. p) we already needed the existence of w>("A7) (see the beginning of the
proof of Theorem 3.7 before Lemma 3.9). Now, by the above definition, we need
the existence of w;(TAV?7) as well; and so the existence of w;(w,("A7)) for the
above special set of terms A will make our arguments to go through.
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4.2.2. The initial segments ¥ and #. In the absence of 0 we cannot define the
above sequence (wyo. . ... W) satisfying w; 1 = @i (w ;). The most we can do inside
Ay is to define a sequence like (v, . . . . vg) where vg = mand v, = (v;)" for some
fixed m.n € N. Then vy = a"? < 2P (exp?(f)). Thus we cannot get anything larger
than exp?. and so for shortening a witness we should start from fog and remain
in the realm of fog”>. Indeed by the arguments of the beginning of the proof of
Theorem 3.7 before Lemma 3.9 we did not need the existence of exp?(a.) for the
existence of w,("A7). We needed only exp” (4(log)*). and so for the existence
of w1 (w2("A™)) we need w;(exp? (4(loga)?)) = exp” (8(loger)*). Thus it seems
natural to consider the initial segment .# = {x | 3y [y = exp® (8(logx)*)]} and its
logarithm # = {x | 3y [y = exp? (8x*)]}. We first note that Adamowicz’s theorem
(Theorem 3.6) holds for 1Ay and any #n € N; i.e., there exists a bounded formula
whose £og"-witness cannot consistently be shortened to og"*!. Indeed this theorem
holds for any initial segment / and its logarithm which is, by definition, the initial
segment J = {x | 3y [y = exp(x) A y € I]}. The only relation between £og”" and
Log"*! needed in the proof of Theorem 3.5 is that 2¥ € fog" <= x € fog"t!;
see [2]. As a matter of fact, the proof works for any initial segments / and J which
satisfy Vx (2* € I <= x € J). The initial segments .#¥ and _# defined above
satisfy this as well (exp(x) € .F <= x € ). So. we repeat Theorem 3.5 as (see
also Theorem 3.6 of [15]):

THEOREM 4.2. [2] There exists some arithmetical bounded formula n(x) such that
the theory 1Ay + 3x € 7 5(X) is consistent, but 1Ay + 3x €  n(x) is not. -

4.2.3. The main theorem for 1Ag. Let us note that the following theorem to-
gether with Theorem 4.2 prove that 1Ay ¥ HCon*(IAy). Thus we also have
IA() ¥ HCOH(IA())

THEOREM 4.3. For any Ag-formula 0(x), if IAg + Ix € # 0(x) + HCon* (1Ay) is
consistent then so is the theory IAg + 3x € 7 0(x).

PrOOF. Suppose the theory IAy + Ix € .7 0(x) + HCon™ (IAy) is consistent. So
there exists a model

M TN+ (o € 7 A 6(a)) + HCon™(IA).

where a € .#. We will show the consistency of IAg 4+ 3x € _# 0(x) by constructing
a model

N ETA) +3x € 7 0(x).

If « is standard (i.e., o € N) then one can take #/ = #. Butif a € 4 is
non-standard, then we proceed as follows:

Let T = {0.0 + 0.0% c.c?. ¢ + 0.sc. qc. (s¢)%, (sc)? + 0} where q is the Skolem
function symbol for the formula 3y (y < x> A y = x?) and ¢ is the Skolem constant
symbol for the sentence Ix (Fw (w < x? Aw = x?) AV (v £ (sx)* Av # (sx)?)):
see Example 2.12. We can use the argument of Example 2.12, since for the bounded
formula y(x) = 3y < x?(y = x - x), the sentence ind,, is an axiom of the theory
IA). Take A=Y U{j|j < wila)}U{z; | j < 8a} in which the terms j’s and
z;’s are defined inductively as0 = 0, j + 1 = sj: and zg = 2. z;1; = q(z;). Now
@2("A7) is of order exp” (4(log a)*) which exists by the assumption # =« € 7.
Then by Theorem 3.4 for a non-standard j the set of terms A‘/? has a code in .Z.
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Moreover, the value w; (TAY)7) exists in . because w; (TAY)7) < exp? (8(loga)*)
and # = a € #. Thus the assumption .# = HCon"(IA¢) implies that there
must exist an IAg-evaluation p on AY). Then one can form the model ./ =
M(A, p). Now /' | IA) by Lemma 3.2, and also / = a/p € 7 by the
definition of zg,+ (which represents exp?(8a*)). Note that p = z;41 = z; - z; by
the argument of Example 2.12, and also the code of the sequence (z...., Zgat)
is of order exp ((8a*)?) < exp*(8(loga)?) which exists since a € .#. Finally,
W = 0(a/p) by Corollary 3.19 (of Theorem 3.18). Whence ./ is a model of the
theory IAg + 3x € _# 0(x); what proves its consistency. -

§5. Conclusions. (A) An important property of Herbrand consistency of the
theories IAg + Q; and IA¢ has been proved. That property immediately implies
Godel’s second incompleteness theorem for the notion of Herbrand consistency in
those theories. This version of Godel’s theorem has come a long way. The orig-
inal presumption of Paris & Wilkie [10] asked for a proof of 1Ay ¥ CFCon(IAy).
without specifying any variant of Cut-Free Consistency CFCon: ‘“Presumably
1A ¥ CFCon(IAy) although we do not know this at present”. Willard [16] solved
this problem for the Tableau Consistency variant. Pudlak [11] asked a closely related
question: “we know only that 7 ¥ HCon(T) for T containing at least IAq + Exp.
for weaker theories it is an open problem”. In [13] this problem was studied for the
theories 1A + Q; and 1A, (and a theory in between these two, namely IAg plus the
totality of the x — x!°¢'* function). The proof of IAq + Q; ¥ HCon(IAg + Q1)
given here was presented for the first time in Chapter 5 of [13]. But the unprovability
of HCon(IAg) in IA, was not as easy as it would have seemed. In Chapter 3 of [13]
this unprovability was proved for a re-axiomatization of IA,. It was also showed in
[16] for a simpler re-axiomatization of IA¢; see page 141 of [17]. The proof of [16] is
also reconsidered in [17] by showing the unprovability of HCon(IAq + ) in 1A,
where Qj is the axiom Vx 3y [y = x - x] (see point D(4) below). The paper [17] fin-
ishes with “What we are trying to suggest in this appendix is that while a proof of the
Herbrandized version of the IZ, incompleteness theorem will be certainly quite in-
teresting and very different from our semantic tableaux analysis, we would anticipate
that there are some types of proofs of the Herbrandized version of this incomplete-
ness theorem that partially resemble the analysis techniques used in Sections 3 and
4 for semantic tableaux deduction.” But, unfortunately, it was never clear how to
avoid using the Qg axiom in the proof of 1Ay ¥ HCon(1A¢ + ) in [16] (and [17]).

(B) Our reason for using the induction formula ind,,, where y (x) is the bounded
formula 3y < x?(y = x?). was having a Skolem function symbol for squaring
q(x) = x2. This way the Godel code of q(x) is M - "x for a fixed M € N, and
thus the code of q"(x) is M" - "x™ which is of order exp(n). So, we could code a
term representing the number x**P) (=q”(x)) by a number of order exp(n). But
if we coded the number x¢P() directly, that would be the code of x - x-----x
(with 2" — times x) which is of order ("x )" or exp2(n). In that case, the code of
the sequence (zo. ..., zg,+) would be of order exp?((8a*)?). but we used the order
exp ((8a*)?) in the proof of Theorem 4.3 (since we had at most exp?(8(loga)*) in
our disposal—which is far less than exp?((8a*)?)). Whence. we avoided accepting
the totality of the squaring function Qy: Vx 3y (y = x-x) as an (additional) axiom.
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This point deserves another look: define the terms {z; }, {u; }, and {v; } inductively
aszg =2, zj41 = q(z;): up = 2, uj1 = (z;)*; and vo = 2, v;41 = (v;)%. Then the
codes of the terms z,’s and v,,’s are of order £(2"), but the code of v,,’s are of order
2(2%"). On the other hand, the terms z;, u; and v; have the same value (22) in any
model of TA. In fact, for i < w;(a) we have z; € A and also u; € AD; but v;’s are
too big to fit in small sets of terms.

(C) We can now mention a seemingly contrasting result: it was seen in the
Introduction that IA¢ + Exp + HCon(IAg) (also 1A + Exp + HCon(IAg + Q,,)
for any m € N—see Theorem 3.2 of [15]; on the other hand we have conjectured
in [15] that IA¢ + Exp ¥ HCon(U,{IA¢ + Q,})). So. for some k € N, where
k is the number of times that Exp has been used in the proof of the theorem
1A + Exp - HCon(IAq + Q). we should have

Ao + Qi F HCon®' (IAg + Q1) and TAg - HCon®%' (1A,).

where HCon®®' is the relativized of HCon to the initial segment fogh (see also
Theorem 5.26 of [7]). This may seem in contrast with our results

1Ay + Qi ¥ HCon(IAg + Q1) and 1Ay ¥ HCon(IAy).

To see why our proof (and in fact any other proof) cannot work for showing

(the flase statement) IAg + Q; ¥ HCon®' (IAp + Q). we note that for proving
the consistency of the theory (IAg+ ;) + (3x € logJ0(x)) by assuming the
consistency of the theory (IAg + Q1) + (o € I A O(a)) + HCon®¢" (IAg + ). for
some suitable initial segment J, the most we can do is to consider a set of terms A
which contains {w; | i < f}. for an appropriate . where each w;, is (roughly
of order) wf(w;) (for a fixed n); cf. subsection 4.2.2 on “The Initial Segments
J and #”. Thus the most we can get is (roughly) ws ~ wfﬂ(wo) ~ exp’(B).
so we should have f € fog*: and logJ must be (roughly) of order fog®. and
J must be (roughly) of order fog® (see Theorem 3.7 above). Thus a must be
(roughly) in £og® and so f must be (roughly) in fog® (or f ~ 2%), which shows
that our Theorem 3.7 is (almost) optimal. On the other hand, to be able to use
the assumption HCon®*' (IAy + Q). we must have "A7 € logl, which implies
Twp & 2F ~ exp*(a) € LogF. Thus, we can have at most o € fog"™2. Whence,
we should have fog> C fog"+?, or k +2 < 2. All this means that our proof can

never work for showing the unprovability 1Ay + Q ¥ HCon®¢" (IA¢ + Q) for any
0 < k € N. Now, an interesting question may come to mind (see also [4]):

For which (definable) initial segments J we have 1Ay + Q; ¥ HCon® (IAg + Q,),
and for which (definable) initial segments 3, TAg + €, + HCon” (IAg + Q)
holds? and what are the boundary cases?

Let us note that for short initial segments like £ = {x | Iy [y = w2(x)]}. our
proof already implies that 1A, + Q; ¥ HCon® (IAq + Q).

(D) Our treatment of Gddel’s second incompleteness theorem for Herbrand
consistency in weak arithmetics, can be summarized in the following improvements
to the classical treatments (cf. the first paragraph of Appendix E in [17]):

(1) For Skolemizing a formula we did not transform it to a prenex normal form.
This allowed a more efficient Skolemization and Herbrandization of formulas.
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(2) Propositional satisfiability was achieved by evaluations, which are partial
(Herbrand) models; see also [3, 2, 4, 8, 12, 13].

(3) For logarithmic shortening of bounded witnesses in 1Ay, we could not go
from Log to Log® directly. Instead we used the condition w?(x)? € Log (equivalently
X € F) to get to 8x* € Log? (equivalently x € #). For that we used the improved
version of Adamowicz’s theorem [2] (Theorem 4.2); see also Theorem 3.6 of [15].

(4) Finally, we used the trick of ind,, to get a Skolem function symbol for the
squaring function. Ideally, one would not use any induction axiom for proving a
formula like Qo: Vx 3y (y = x?). This is a Q-derivable sentence, and adding it
as an axiom seems much more natural than proving it by an inductive argument.
But, fortunately, there was a way of avoiding the acceptance of Qy as an axiom,
and that was proving its ITj-equivalent Vx 3y < x*(y = x?2) by induction on its
bounded part 3y < x? (y = x?) (see Example 2.12 and the proof of Theorem 4.3).
That induction axiom could give us a free Skolem function symbol for the squaring
operation, provided that we did not prenex normalize the induction axiom, and
instead Skolemize it more effectively—see point D(1) above. Prenex normalizing
and then Skolemizing the induction axioms can be so cumbersome that many would
prefer avoiding them, but accepting new axioms instead! Trying to prenex normalize
the induction axiom ind,, for the formula y(x) = Jy < x?(y = x?) in Example
2.12 can give a hint for its difficulty.

(E) In the end, we note that by using our coding techniques and definition
of Herbrand consistency, the result of L. A. Kotodziejczyk [8] has been partially
generalized to show the following unprovability [15]: |, (IA¢ + Q,) ¥ HCon(IA).

Also, our main result here (IAyg ¥ HCon(IA)). can be generalized to show the
following unprovabilities [14], which also generalize the main results of [16]:
(1) For some finite fragment T C IAg. we have IAg ¥ HCon(T).
(2) For some IA(-derivable IT;-sentence S, we have IAg ¥ HCon(S).

We close the paper with an open question:

Can a Book proof (in the words of Paul Erdds) be given for Gidel'’s second
incompleteness theorem T ¥ #€on(T) for any theory T 2 Q and a
canonical (standard) definition of Herbrand consistency % €on?
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