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Abstract We formalize the notion of Herbrand Consistency in an appropriate way
for bounded arithmetics, and show the existence of a finite fragment of 1Ay whose
Herbrand Consistency is not provable in IAg. We also show the existence of an
IAp-derivable IT;-sentence such that IA( cannot prove its Herbrand Consistency.

Keywords Herbrand consistency - Bounded arithmetic -
Godel’s Second Incompleteness Theorem

Mathematics Subject Classification (2000) 03F40 - 03F25 - 03F30

1 Introduction

A consequence of Godel’s Second Incompleteness Theorem is [7;-separation of
some mathematical theories; for example ZFC is not [7|-conservative over PA since
ZFC F Con(PA) but (by Godel’s theorem) PA F# Con(PA), where Con is the con-
sistency predicate. Inside PA, the hierarchy {IX,},>¢ is not IT;-conservative, since
X541 F Con(IX,) (but again IX, ¥ Con(IX;)). As for the bounded arithmetics, we
only know that the elementary arithmetic IAg + Exp is not [1j-conservative over
1A + /\j Q; (see Corollary 5.34 of [6]). One candidate for /7;-separating IA¢ + Exp
from IA( was the Cut-Free Consistency of 1A (see [8]): it was already known
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318 S. Salehi

that IA¢ + Exp = CFCon(IAp) and it was presumed that IA( t# CFCon(IA(), where
CFCon stands for Cut-Free Consistency. Though this presumption took rather a long
to be established (see [14]), it opened a new line of research.

The problem of provability (or unprovability) of the cut-free consistency of weak
arithmetics is an interesting (double) generalization of Godel’s Second Incomplete-
ness Theorem: the theory (being restricted to bounded or weak arithmetics) and also
the consistency predicate are both weakened. Here, we do not intend to outline the
history of this research line, and refer the reader to [11,12]. Nevertheless, we list some
prominent results obtained so far, to put our new result in perspective.

Herbrand Consistency is denoted by HCon and (Semantic) Tableau Consistency
by TabCon. Adamowicz (with Zbierski in 2001 [2] and) in 2002 [3] showed that
IAg + Q@ # HCon(IAg 4+ 2) for m > 2. She had already shown the unprovabil-
ity IAg + @1 I/ TabCon(IAg + €21) in 1996 (but appeared in 2001 as [1]). Salehi
improved the result of [3] in [10] by showing that IAg + €21 I HCon(IA¢ + €21) (see
also [12]) and the result of [2] in [9,10] by showing S F# HCon(S) where S is an
IAp-derivable IT-sentence. This result also implied that IAq HCon(1Ay) holds for
are-axiomatization IAg of IAg. Willard [13] showed in 2002 that 1A I TabCon(IA¢)
and also 1A I HCon(IA¢ + €2p), where 2 is the axiom of the totality of the squaring
function ¢ : Vx3y[y = x - x]. This was improved by the author in [12] by showing
IAp # HCon(IAg), without using the €29 axiom. It was also proved in [13] that V' /
HCon(V) for an IAp-derivable IT;-sentence V. Kotodziejczyk [7] showed in 2006 that
the unprovability IAg + /\j Q;j ¥ HCon(IA¢ + €21) holds; his result was stronger in
a sense that it showed IA( + /\j Q; t# HCon(S + 1) for a finite fragment S C IA,.

In this paper we use an idea of an anonymous referee of [ 12] for defining evaluations
in a more effective way (Definition 5) suitable for bounded arithmetics; this is a great
step forward, noting our mentioning in [12] that “[o]ur definition of Herbrand Con-
sistency is not best suited for IAp”. We then partially answer the question proposed
by the anonymous referee of [11] (see Conjecture 4.1 in [11]). The author is grateful
to both the referees, for suggestions and inspirations.

We show the existence of a finite fragment T of 1A such that IAg # HCon(T);
this generalizes the result of [12]. We also show the existence of an [A-derivable
ITi-sentence U such that IA( I/ HCon(U); this generalizes the main result of [9,10]
and [13]. For keeping the paper short, and to avoid repeating some technical details,
we apologetically invite the reader to consult [11,12]. We also assume familiarity with
the Bible of this field [6].

2 Herbrand consistency of arithmetical theories

For getting a unique Skolemized formula, it is more convenient to negation normalize
and rectify the formula.

Definition 1 (Rectified Negation Normal Form) A formula is in negation normal form
when no implication symbol — appears in it, and the negation symbol — appears
behind the atomic formulas only.

A formula is rectified when different quantifiers refer to different variables and no
variable appears both free and bound in the formula. o
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Herbrand consistency of some finite fragments of bounded arithmetical theories 319

Any formula can be uniquely negation normalized by removing the implication con-
nectives (replacing formulas of the form A — B with —=A Vv B) and then pushing the
negations inside the sub-formulas by de Morgan’s Law, until they get to the atomic
formulas. Renaming the variables can rectify any formula. Thus one can negation
normalize and rectify a formula uniquely, up to a variable renaming.

Definition 2 (Skolemization) For any existential formula 3x A(x) with m(> 0) free
variables, let f3,4(,) be a new m-ary function symbol (which does not occur in A;
cf. [5]). For any rectified negation normal formula ¢ we define ¢ inductively:

— @5 = ¢ for atomic or negated-atomic formula ¢

- (@A) =S Ay’

- (v =¢'vys

- (Yxp)S =Vxg®

- (Axe)S = (ps[fax(p(x)@)/x] where y are the free variables of Ix¢(x).

Finally, the Skolemized form ¢S¥ of the formula ¢ is obtained by removing all the
(universal) quantifiers of ¢°. The resulted formula is open (quantifier-less), with prob-
ably some free variables. If those (free) variables are substituted with some ground
(variable-free) terms, we obtain an Skolem instance of that formula. <o

Summing up, to get an Skolem instance of a given formula ¢ we first negation nor-

malize and then rectify it to get a formula @RNF; then we remove the quantifiers

of (RNNF)S to get (RNNF)SK “and substituting its free variables with some ground
terms, gives us an Skolem instance of the formula ¢. Let us note that the Skolem
instances of a formula are determined uniquely.

Theorem 1 (Herbrand-Skolem-Godel) Any theory T is equi-consistent with its Skole-
mized theory. In other words, T is consistent if and only if every finite set of Skolem
instances of T is (propositionally) satisfiable.

Example 1 In the language of arithmetic .Z4 = {0, S, +, -, <}, let Ind[q be

¥ (0) AVx[r(x) = Y (S(x)] — Yxipr(x)
where ¥ (x) = Jy[y <x-x Ay =x-x].

)RNNF

This is an axiom of IA(. Rectified Negation Normal Form (Ind of Ind7 is

Vulu £ 0-0vu#0-0]\/
aw[az[zgw-wAzzw.w]AVv[v ;{S(w)-S(w)\/v;éS(w)-S(w)]] \/

Vxdy[y <x-xAy=x-x].

Then ((Ind)RNNF)S can be computed as:

Vulu £ 0-0vu#0-0]\/

[[a(e) <c-cAqE =c-c] AVo[v £ S©) - SE© Vv #S©-S©I] \/
Vx[qx) <x-x Aqx) =x-x],
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where q(x) is the Skolem function symbol for the formula3z[z < x-x Az = x-x], and
the constant ¢ is the Skolem function symbol for the sentence of the second disjunct:

EIw[EIz[z <w-wAz=w- -w]AVv[v € S(w) - S(w) Vv #S(w) - S(w)]].
Finally, the Skolemized form (Ind[7)3* of ¢ is obtained as:

[ug0-0vu#0.0]\/

[[a@) <c-cnq@ =c-c]Av £ S@©-S© Vv#S@©- SOl \/
[a(x) < x-x Aq(x) =x-x].

AN/

Substituting u /0, v/S(c) - S(¢), x /¢ will result in the following Skolem instance of ¢:

[0%£0-0v0#£0-0]\/
[[9©) < c-cAq@©) =c-cIAISE - S©) £ S©) - SO vV S© - S© #S© - S©1] \/
[q@) <t-tAq@)=1-1].

<

Propositional satisfiability is usually arithmetized from the usual provability, only in
propositional logic (see e.g. [6]); but in a series of more recent papers, this notion has
been arithmetized differently, according to ones needs ([1-4,7,9-13]). We formalize
the notion of propositional satisfiability by means of evaluations (as in the op. cit.
papers) on sets of (Skolem) ground terms, but in a more effective way. To get a small
evaluation on a given set of terms, we first sort its members, and then require the
equality relation to be a congruence.

We will call the ground terms constructed from Skolem function (and constant)
symbols, simply zerms. The .£4-terms, where .£4 = {0, S, +, -, <} is the language of
arithmetic, will be written by typewriter font (like r, t, s, .. .) and the other (Skolem)
terms will be written in italic font (like 7, s, ¢, ...). For a set A, its cardinality will
be denoted by |A|, and for a sequence p, its length will be also denoted by | p|. For
the elements of p, the (i + 1)th member of p is denoted by (p); for any i < |p|; so
P ={(p)o, (P)1, ... (P)|p|—1)- Let = and < be two new symbols not in Z4.

Definition 3 (Pre-Evaluation) For a set of terms A (with |A| > 2), a pre-evaluation
on A is a sequence p that satisfies the following conditions:

(1) lengthof pis|p| =2|A| —1;

(2) forany 0 <i < |A]| — 1 we have (p)o; € A;

(3) forany 1l <i < |A|— 1 wehave (p)i—1 € {<, =};

(4) forany term ¢ € A there exists a unique 0 < j < |A| — 1 such that (p)2; =1. ¢

In other words, a pre-evaluation on A sorts (organizes) the terms in A, starting from
the smallest and ending in the largest.

Example 2 A pre-evaluation on {wg, o1, @2, o3, 04, &5, 0} 1S a sequence like
p = (o4, <, 07, =, a1, =, as, <, a3, < 0, ~, A2). o

@ Springer



Herbrand consistency of some finite fragments of bounded arithmetical theories 321

Here we note that a sub-string of a sequence o1z . . . oty is a sub-sequence of it in the
form oy4j004; ... op4i Where O < i and m + i < n;in other words, a sub-string of a
sequence is a prefix of a suffix of that sequence.

Definition 4 (Equality and Order in Pre-Evaluations) In a pre-evaluation p on A
define the relations ~, and <, on A? by the following conditions for s, t € A:

(1) s = t if there exists a sub-string ¢ of p of length 2/ — 1 (I > 1) such that
(@) either ((¢)o = s & (q)21—2 = 1) or ((@)o = t & (q)21—2 = 5);
(b) forany 1 <i<I—1,(g)ni-1==~.

(2) s < tif there exists a sub-string g of p of length 2/ — 1 (/ > 1) such that

(@ (q)o=-sand(q)y-2=1;
(b) there exists some 1 < i </ — 1 for which (¢)2;—1 = <. o

Example 2 (Continued) We have a1 =, as ~, a7 and ap ~, ag. Also, ag <,
ai, 04 <p as, 04 <p a7,0] <p a2, 01 <p a3, and o) <, o6 hold. &

Lemma 1 (Equivalence and Order by Pre-Evaluation) Let A be a set of terms, and p
be a pre-evaluation on A.

(1) The relation =, is an equivalence on A.

(2) The relation <, is a total order on A/ ~.

(3) The relations =, and <, are compatible with each other: ift =, s, andt <, u
(respectively, u <, t), then s <, u (respectively, u <, s).

Proof The parts (1) and (2) are immediate. For (3), suppose t =, s and t <, u. Then
there is a sub-string ¢ of p which starts from ¢ and ends with « and contains at least
one special symbol <. There must also be some other sub-string ¢” which starts from
either ¢ or s and ends with the other one, and all its special symbols are equality ~. If
q' starts from s (and so ends with ¢), then the concatenation of ¢” and ¢ results in a
sub-string which starts from s and ends with u and contains some special symbol <.
Whence s <, u. And if ¢’ starts from ¢, then ¢ cannot be a sub-string of ¢” because all
the special symbols in ¢’ are = and ¢ contains at least one special symbol <. Thus ¢’
has to be a sub-string of g. Then there must exist a sub-string of p which starts from
s and ends with u and contains a special symbol <; whence s <, u. The other case
(u <p t) can be proved very similarly. O

Definition 5 (Evaluation) A pre-evaluation p on a set of terms A is called an evalua-
tion when for any term ¢, s € A and any term u(x) with the free variable x, if t =, s
and u(t/x), u(s/x) € Athenu(t/x) ~p u(s/x). o

In other words, an evaluation on A is a pre-evaluation p on A whose equivalence
relation =, is a congruence relation on A.

Definition 6 (Satisfaction in an Evaluation) Let A be a set of terms and p an eval-
uation on it. For terms , s € A we write p =t = s when ¢ =, s holds. We also
write p =t < s when either t =) s ort <, s holds. So, for atomic formulas ¢ in
the language of arithmetic .Z4 we have defined the notion of satisfaction p |= ¢. The
satisfaction relations can be extended to all open (quantifier-less) formulas as usual:

@ Springer



322 S. Salehi

- PEFYAY <= pEyadpEYy

- PEeVY < pEyorpEY

- pEe— VY < ifpEgpthenp vy

- pPE-9 < pko ©

Lemma 2 (Leibniz’s Law) Any evaluation p on any set of terms A satisfies all the
available Skolem instances of the axioms of equational logic, in particular Leibniz’s
Law: foranyt,s € A and any open formula ¢(x), we have p =t = s Ap(t) — ¢(s).

Proof Suppose p |=t = s. By induction on (the complexity) of (the open formula)
¢ one can show that p = ¢(¢) if and only if p = ¢(s). For atomic ¢ it follows from
Lemma 1 (on the compatibility of <, and =), and for the more complex formulas it
follows from the inductive definition of satisfaction in evaluations. O

Definition 7 (T -evaluation on A) For a set of terms A, an Skolem instance of a
formula is called to be available in A if all the terms appearing in it belong to A.
For a theory T and a set of terms A and an evaluation p on A, we say that p is an
T-evaluation on A if p satisfies every Skolem instance of every sentence in 7 which
is available in A. 3

So, T -evaluations, for a theory T, are kind of partial models of 7.

Example 3 Let T be axiomatized by the following sentences in £4:

o Vx[x-0=0]
° Eiy<O~O[y:0-0]/\\7’x[3y<x~x[y:x~x]—>
Jy < Sx) - S)[y =S(x)-S(x)]] — Vxdy <x-x[y=x-x].

Let A ={0,0-0,¢,¢-c, q(c), S(c)-S(c), 7, 1-¢, q(t)} where c and g are as in Example 1.
As we saw in that example, the following is an instance of the second axiom (Ind),
which is also available in A:

[0%£0-0v0£0-01\/

[[a©) <c-cnqE) =c-cIAISE) - S©) £ SE) - S© v SE© - S© #S© -S©O1] \/
[a() <t-tAQ(@)=1-1].

Suppose p is an T-evaluation on A. By the first axiom p must satisfy the instance
0-0 =0, so we should have p = 0-0 = 0. Thus, p cannot satisfy the first disjunct
of the above instance. Indeed, p cannot satisfy the second disjunct either, because for
any term u we have p = u < u A u = u. Thus, p cannot satisfy the second conjunct
of the second disjunct. Whence, p must satisfy the third disjunct of the above instance,
and in particular we should have p = q(f) =1 - 1. o

For a theory T, if A is the set of all (ground) terms (constructed from the language of
T and the Skolem function symbols of the axioms of 7'), then any T -evaluaton on I”
(if exists) is a Herbrand Model of T . Now, Herbrand’s Theorem can be read as

A theory T is consistent if and only if
for every finite set of (Skolem) terms, there exists an T -evaluation on it.
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Thus, the notion of Herbrand Consistency of atheory T is (equivalent to) the existence
of an T -evaluation on any (finite) set of terms.

Definition 8 (Skolem Hull) Let £ Aq’k be the language expanding .Z4 by the Skolem
function (and constant) symbols of all the existential formulas in the language .Z4.
That is ng = {farpw) | ¢ is an L4 — formula}. For a given set of terms A, let Al
be defined by induction on j:

A = a;
AL =A</>U{f(t1,...,tm) | fe LAt ... .ty € Am}
) {fﬂxw(x)(tlan-vtm) | F(p‘l < ] AN, .oyt € A(j>} 5
where "¢ is the Godel code of ¢. o

Bounding the Godel code of ¢ in the above definition will enable us to have some
efficient (upper bound) for the Godel code of A%/ (see [11,12]).

Herbrand’s theorem implies that for any 3;-formula 3x ¢ (x) (where ¥ is an open
formula) and any theory 7, if T F Jxy(x) then there are some (Skolem) terms
f1, ..., 1, such that 75k Y(t1) vV --- V ¥(ty). Usually this observation is called
Herbrand’s Theorem. We will need a somehow dual of this fact.

Lemma 3 (Herbrand Proof of Universal Formulas) For a V1 -formula Vx (x) (where
Y is open) and a theory T, suppose T + Vxyr(x). There exists a finite (standard)
k > 0 such that for any set of terms A, any T-evaluation p on A% and anyt € A,
we have p = V().

Proof By T + VYxi(x) the theory TS% U {=(c)}, where ¢ is the Skolem constant
symbol for Ix—1 (x), is inconsistent. Suppose ¢ is the rectified negation normal form
of —. Then, by Herbrand’s theorem, there exists some finite set of terms /" such that
there can be no (755 U {¢(c)})-evaluation on it. Since ¢ appears in I we write it as
I'(c), and by I"(u), where u is an arbitrary term, we denote the set of terms which
result from the terms of I"(¢) by replacing ¢ with u everywhere. It can be clearly seen
that there exists some k € N such that for any set of terms A and any r € A we have
I'(t) € A® Whence, there cannot be any (75% U {¢()})-evaluation on A%). Thus,
any T-evaluation p on A%) must satisfy p (= ¢(1), or equivalently p = ¥ (7). O

Example 4 Let the theory T, in the language of arithmetic .4, be axiomatized by

(1) Vx[S(x) # 0] () Vx, ylx + S(y) = S(x + y)]
B)VxIz[x #0 > x =S(2)] @DDVx,yTz[x <y —>z+x=1y]

For the open formula ¥ (x) = (x < 0 — x = 0) we have T F Vxy(x).

Let p(x) be the Skolem function for the formula 3z[x = 0V x = S(z)], and b(x, y)
be the Skolem function for the formula 3z[x ¥ y V z +x = y]. Then the Skolemized
form 75X of the theory T will be as:

(1)S(x) #0 (2)x+S(y) =S +y)
@)x=0vx=8px) @)xLyvbx,y)+x=y
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For a fixed term ¢ let I'; be the following set of terms:
{0,2,b(1,0), b(r, 0)+1, p(1), SP(1)), b(t, 0)+p(1), b(r, 0)+S®(1)), S(b(z, 0)+p(1))}.

Now we show that any 7 -evaluation p on I'; must satisfy p = () or, equivalently,
if p Et<0then p =1=0. Assume p =t <0. Then by the fourth axiom we should
have p = b(¢,0)+1t=0. If p = t=0 does not hold, then p = ¢ 5#0, so by the third
axiom we have p =t =S(p(r)). Whence, p = b(r, 0) +S(p(¢)) = 0. On the other
hand, by the second axiom, p = b(r, 0)+S(p(t)) = S(b(t, 0)+p(t)). Now we can
infer that p &= S(I)(t, 0) +p(t)) =0, which is in contradiction with the first axiom.
Thus, p = t =0 must hold, which shows that p = ¥ (¢). o

As was mentioned before, for a consistent theory 7 there must exist some Herbrand
Model of T'.

Definition 9 (Definable Herbrand Models) Let A be a set of terms, and define its
Skolem Hull to be A{>®) = Unen A (see Definition 8). Suppose p is an evaluation
on A(®) Define M(A, p) = {t/p | t € A}, where ¢/ p is the equivalence class of
the relation /2, containing ¢ (cf. Lemma 1). Put the structure on it by

() ALt p, o tw/p) = f(t1, ... 1)/ P, and
(2) RTAPD =A(t1/p,....tn/p) | P E R, ..., tm)},

for any m-ary function symbol f and any m-ary relation symbol R. o

Lemma 4 (Herbrand Models by Evaluations) The structure on 9N(A, p) is
well-defined, and for a theory T, if p is an T -evaluation on A then (A, p) =T.

3 Bounded arithmetic and Herbrand consistency

By an efficient Godel coding (see e.g. Chapter V of [6]) we can code sets, sequences
(and so the syntactic concepts like Skolem function symbols, Skolem instances, eval-
uations, etc.) such that the following [6] hold for any sequences «, §:

- TaxB7<64-("a'-"B"), where x denotes concatenation;
= o] <log("a™).

It follows that for any sets A, B we have "TA U B < 64 - ("A7-"B™) and |A| <
log("A™). We write X € O(Y) to indicate that X < Y - n + n for some n € N;
that is X is linearly bounded by Y. The above (efficient) coding has the property that
for any sequence U = (uy, ..., u;) we have log("U™) € 03, log("u; ™). For any
evaluation p on a set of terms A it can be seen that log(" p) € O(log(" A™M)).

Let us note that all of the concepts introduced so far can be formalized in the lan-
guage of arithmetic .Z4. Here we make the observation that, having an arithmetically
definable set of terms A, the sets A/ are all definable in arithmetic (in terms of A
and j), but the set A is not definable by an arithmetical formula. We will come
to this point later. The arithmetical theory we are interested here is denoted by 1A
which is usually axiomatized by Robinson’s arithmetic, in the language .Z4, plus the
induction axiom for bounded formulas (see e.g. [6]).
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In this section we prove our main result: the existence of a finite fragment 77 € 1Ay
whose Herbrand Consistency is not provable in IAg. As the exponential function
x > 2% is not available (provably total) in [A(, we denote by log the set of elements
x for which exp(x) = 2% exists. Let us note that for a model .Z, the set log(.#) is the
logarithm of the elements of .. The set loy is closed under S and +, but not under
X, in TAg. We will use the term cut for any definable and downward closed set (not
necessarily closed under S) in the arithmetical models. The formula “y = exp(x)” is
expressible in .Z4 by a bounded formula, and IA can prove some of the basic prop-
erties of exp (cf. [6]), though cannot prove its totality: IAg t# Vx3y[y = exp(x)]. By
log® we denote the set of elements x for which exp?(x) = 22" exists; the superscripts
on top of the functions denote the iteration. Similarly, log” = {x | y[y = exp" (x)]},
where exp” denotes the n time iteration of the exponential function exp.

We use a deep theorem in bounded arithmetic, which happens to be the very last
theorem of [6]. It reads, in our terminology, as:

For any k > 0 there exists a bounded formula ¢(x) such that
IAg + ) F Vx € log"tp(x), but 1A + Q1 I Vx € logkp(x).

It can be clearly seen that the theorem also holds for IA( instead of IA( + €21, and
for any cut / (and its logarithm log I = {x | 3y € I[y = exp(x)]}) instead of logk
(and its logarithm Iogk+1); see also [3] and (Theorem 3.6 of) [11].

Theorem 2 (I1;-Separation of Logarithmic Cuts) For any cut I there exists a bounded
formula ¢(x) such that the theory 1Ay U {3x € I ¢(x)} is consistent, but the theory
IAg U {3x €log I ¢(x)} is not consistent.

We will find the desired finite fragment of 1Ay (whose Herbrand Consistency is
not provable in IAp) in three steps (the following subsections) before proving the
main result (in the last subsection). For doing so, we will show that for sufficiently
strong finite fragments of [Ag, like 7', if IAg = HCon(T') then the consistency of the
theory IAg U {3x € I 6(x)}, for some suitable cut / and a suitable bounded formula 6,
implies the consistency of the theory 7' U {3x €log I 6(x)}. And this, as we will see,
contradicts Theorem 2.

3.1 The first finite fragment

Assuming the consistency of IAg U {3x € I ¢(x), HCon(7T)}, and inconsistency of
the theory 7' U {3x €log I ¢(x)}, we can construct a model 91, from a given model
M =TAgU {3x el ¢(x), HCon(T)}, such that M =T U {3x €log I ¢(x)}; which
is in contradiction with the assumptions. For that, let us take a (hypothetical) model
M =1AgU{ael A @(a)} U{HCon(T)} for some a € .# . Then we form the set
I' ={0,1,2,...w1(a)} where i is a term in £ representing the number i, defined
inductively as 0 = Oand i 4+ 1 = S(i). Let us note that for sufficiently small elements
i € ./ (acode for) the term { may exist; in fact for the i’s in the cut .# (Defini-
tion 10 below) always i exists in .. From the assumption .# = HCon(7T) we find
an T-evaluation p on A'/), for a suitable j and a suitable A which contains the above
set I". Then we can form the model (A, p) and, by some technical details, show
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that M(A, p) = T + Ix € logI¢(x). The bound w;(a) assures us that the set I”
contains the range of (the bounded) quantifiers in the (bounded) formula ¢ (a). For the
Godel code of i we have log("i ) € @(log(2')) and so log("I" ) € G (log(2@1@)?%))
whence log("I'™") € ﬁ( log (exp2 (2(log a)2))). We need the closure of I" under the
Skolem function symbols of (a finite fragment of) 1A, that is "> (see Defini-
tions 9 and 8). Since, unfortunately, that set is not definable, we consider the set I"¢/)
for a non-standard j, which makes sense if " I" ' (and so a) is non-standard. In case a
is standard, then the proof becomes trivial (see below). For some non-standard j with
Jj < 10g4(’_F—‘) we can form the set I"/) in case w, ("I"7) exists (see [11,12]). And
finally we have log (a)g(rF—‘)) € ﬁ( log (exp2 (4(log a)4))).

Definition 10 (The Cut .%) The cut .7 is defined to be {x | Iy[y = exp?(4(loga)*)1},
and its logarithm is log . = {x | Ay[y = exp’(4a™)]}. o

Applying Theorem 2 to the cut .# defined above, we find a (fixed) bounded formula
0 and a finite fragment Ty € IA( such that the theory the theory IAg U {3x € .#6(x)}
is consistent, but the theory Ty U {3x €log .#6(x)} is not consistent.

Definition 11 (The First Fragment Tp) Let Ty be a finite fragment of IA( for which
there exists a (fixed) bounded formula 6 such that the theory IAg U {3x € .£6(x)} is
consistent, but the theory Ty U {3x €log .#60(x)} is not consistent. Let .# be a (fixed)
model such that .Z = TAgU {3Ix € 76 (x)}. 3

In the rest of the paper we will show that for a finite fragment 7' of IA( extending 7y
we have .# = HCon(T), where HCon is the predicate of Herbrand Consistency.

3.2 The second finite fragment

The proof of the main result goes roughly as follows: if .# = HCon(T), for a finite
fragment T C TA( to be specified later, then there exists (in .#') some T'-evaluation p
on some A, where A D I is to be specified later and I and j are as in the previous
subsection. Whence we can form the model 9(A, p), for which we already have
M(A, p) = T by Lemma 4. Our second finite fragment 77 will have the property
that if 7 2 T7 then 9M(A, p) = 6p(a/p). The third finite fragment 75 will have the
property that if 7 2 T» then we have (A, p) = a/p €log 7. So, finally we will
get the model M (A, p) which satisfies M(A, p) =T + [a/p €log ¥ A Oy(a/p)],
or, in the other words, 9M(A, p) &= T U {3x €log #6y(x)} which is in contradiction
with (the choice of the first finite fragment) 7o C 7.

Definition 12 (The Second Fragment Ty) Let T1 be a finite fragment of 1Ay which
can prove the following (IAg-provable V*-)sentences:

e x+0=x e x+S(y)=Skx+y)

ex-0=0 e x-S(y)=x-y+x

e x<0«xwx=0 e x<S(y)<x=8S(y)vx<y
e x <yvy<ux e x<y<z—>x<z

e x <z+x o x <x+z

e x+z<y+z—>x<y e 7 #£#O0Ax-z<y-z—>x<y
e x#£y < SH)KyvS(y)<x exLy< Sy <x
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and also can prove the following (IAg-provable V*3*-)sentences:

o x<y—>Ilz+x=y]
o y#0—>3q,rlx=r+q-yAr<yl] o

Remark 1 Tt can be seen that 77 can prove the following arithmetical sentences:

e SX)Z0 e SX)=S(y)—>x=y
e Sx)€x e x#0— 3Jy[x =S(y)]

For a proof, first note that by x < y vV y < x we have Vu[u < u], and also from
x < z+xand x +0 = x we get Yu[0 < u]. Now, if S(u) = 0, then S(u) < 0, and so
by the axiom x € y <> S(y) < x we get 0 £ u, contradiction! Also from the same
axiom it follows that u £ u <> S(u) < u, and thus S(u) € u. If S(u) = S(v) and
u #vthenby x #y < S(x) < yVvS(y) < x we have either S(u) < vorS(v) < u.
If S(u) < v then S(v) < v, contradiction! The other case is similar. Finally, assume
u # 0.Thenbyx < 0 <« x = Owehave u £ 0and sothe axiomx £ y <> S(y) < x
implies that S(0) < u. Thus, by x < y — Jz[z + x = y] we have v + S(0) = u for
some v. Then from x + S(y) = S(x + y) and x + 0 = x we conclude that S(v) = u.

O

The main property of 77 is the following:

Theorem 3 (The Main Property of 71) Suppose .# is a non-standard model such that
M =1Ag+ [ae I A6(a)] + HCon(T) where 0 is a bounded formula and a € H
is non-standard and T + Ty. If p € # is an T-evaluation on AY) where A is a set
of terms such that A O I' = {i | i < wi(a)} and j is a non-standard element of
M, then for any bounded formula ¢(x1, . .., x,) and any elements iy, . ..,i, < ain

We prove the theorem by induction on (the complexity) of ¢ (see also [11,12]).

Lemma 5 (Another Property of T7) Suppose % = Ty and a € ¢, and let t be an

La-term. Foranyiy, ...,i,<ain# andbe X, if ¥ =b<t(iy,...,I,) thenthere
existan Lx-terms and some jy, . .., jm<ain H suchthat % \=b = s(ji,..., jm).
Proof By induction on t (for simplicity we omit (i1, ..., i) from t(iq, ..., i,)):

- t =0:if & = b < 0 then by the Tj-axiom x < 0 < x = 0 we have
K =b=0.

— t =8(ty):if # E b < S(ty) then by x <S(y) <> x=S8(y) Vv x <y which is
a Ty-axiom, we have 7 = b = S(t|) Vv b < ty, and the result follows from the
induction hypothesis.

- t=t1+trif#Z Eb <t + t)then by the T1-axiom x < y vV y < x we have
that # =b < thVty < b.If ¥ = b < t then the conclusion follows from the
induction hypothesis. Otherwise if " = t; < bthenbyx <y — Jz[z+x = y]
(another Tj-axiom) there exists some d € % such that % |=d + t, = b. Thus
JH Ed+ ty <t + tp, whence by the Tj-axiomx +z < y+27z —> x < y we
have # | d < ti, and the desired result follows from the induction hypothesis
and the fact that 7 = b = d + t;.
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— t=ty-torassume X =b <ttt If X Ety)=0thenZ =t;-ty =0by
the T1-axiom x -0 = 0. And so Z" = b < Oisreduced to the first case above. Sup-
pose £ = tp # 0. Then by the Tj-axiomy 0 — Jg,r[x =r+q-yAr < y]
wehave # E=b =r+q -ty Ar < tp for some g, r € % . By the Tj-axiom
x<z+xwehave # =q-tr <r+¢q- -ty =>b< ty- ty,and then using the
Ti-axiom x < y < z — x < z one can infer that " |= g - £ty < t] - tp, and
finally the Tj-axiomz # O A x -z <y -z — x < y implies that " |= g < t;
(since Z | ty # 0). Now, the desired conclusion follows from the induction
hypothesis and the factthat # =b=r +¢q -ty Ar <ty Ag < t;. O

Lemma 6 (Preservation of Atomic Formulas) With the assumptions of Theorem 3, for
any atomic formula ¢(x1, ..., x,) and any iy, ..., i, < a we have that

M E el ... i) <= A, p) Ee@i/p. ... in/P).

Proof By the Tj-axioms x # y <> S(x) < yvS(y) <xandx € y < S(y) < xit
suffices to prove the one direction only:

If oy, ..., i) =“tly,..., i) < sy, ...,i)”" for some Z4-terms t and s, then
M= el ..., 1) < s(y,...,I,) implies the existence of some b € .# such
that #4 = b+ t(iy,...,ip) = s(i1,...,i,). By the Tj-axiom x < x + z we
have .# = b <s, so by Lemma 5 there exist an .Z4-term r and some elements
Jis-evs jm <asuchthat # =b=r(j,..., jm). Whence,

METs s Jm) FEG i) = 81,

So, noting that .Z, 9M(A, p) = Ti, it suffices to prove the lemma for the atomic
formula ¢(iy, ..., i,) of the form ¢(iy, ..., i,) = “t(1, ..., i) = s, ...,0n)".

For that we note that if iy, ...,i, < a then t(iy,...,i,),s(i1,...,iy) < wi(a).
Suppose .# = t(iy,...,ip) = s(i1,...,iy) = i. We show by induction on (the
complexity of) t that

M E el .. i) =i = MA, p) E tl1/p, ..., in/P) =i/p.

Note that the condition (A, p) &= t(i1/p,...,in/p) = i/p is equivalent to the
condition . = “p = t(i,...,in) = i”. So, it suffices to show the following
equivalence by induction on t:

M=y, ..., i) =0 «— “pE e, s in) =17
For t = 0 and t = S(t) the result follows from the definition 0 = Qand j + 1 =
S(l)' And for t = t; + tp and t = t; - tp the result follows from the 77-axioms
x+0=x,x+S(y)=S(x+y),x-0=0,andx - S(y) =x -y + x. O
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Hence, the lemma also holds for open formulas ¢ as well. For bounded formulas we
note that the range of quantifiers of ¢(i1, ..., i,) foriy,...,i, < a is contained in
the set {j | j < wi(a)}. This is formally expressed in the following lemma.

Lemma 7 (End-Extension Property) With the assumptions of Theorem 3, if for some
i < aand some term u we have (A |=)p = u < i, then there exists some j < i such

that (A F)p Eu=j.

Proof By induction on the term i. Fori = 0, if p = u < 0 then by Lemma 3, and the
Ti-axiomx < 0 <> x =0,wehave p =u =0=0.Fori = S(j),if p = u < S())
then by Lemma 3, and the Tj-axiom x < S(y) <> x = S(y) Vx < y, we must
have that p = u = S(j) vV u < j. Now the conclusion follows from the induction
hypothesis. B B O

Now we can prove Theorem 3.

Proof (of Theorem 3) By induction on (the complexity of the bounded formula) ¢. As
the theorem has been proved for open formulas (Lemma 6), it suffices to show that
if the theorem holds for the (bounded) formula ¢ then it also holds for the (bounded)
formula3dx <t(iy, ..., i), i, ..., i) where t is an .Z4-term; in the other words:

M= AL, i), ) =
MA, p) EIx<EW/ps - in/P)eL/Ps - in/P)-

If # =b<t(y,...,in) Ao(b,iy,...,1i,), for some b € .#, then by Lemma 5
there are some Z4-term s and some elements ji, ..., j, < a in .# such that .#Z =

b=s(1,---» jm) So,we have # = o(s(J1,---» jm), i1, ---»in). Whence, by the
induction hypothesis we also have

M(A, p) Eo(s(i/p.---s jm/P)11/Ps -, In/P).

thus, noting that we already have

M, p) Es(i/ps - Jm/PISEL/P, -5 In/ D),

the desired conclusion holds:
M(A, p) EIx < t@/p. .. in/P)PUL/Ps ooy in/P)-

Conversely, if M(A, p) =d < t£@iL/p,....in/P) Ao, i1/p,...,in/p) holds
for some d € M(A, p), then by Lemma 5 there exist an L-term s and some
elements /1, ...,l,, < a/p such that M(A, p) = d = s(ly,...,1,). For each
a < m there is some term £, € A such that I, = £, /p. For each such o we
have MM(A, p) & Ly/p < a/p or equivalently # = “p E €y < a”. So, by
Lemma 7 there exists some j, < a for which we have .# = ¢, = j,. Whence,
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M(A, p) Ed =s(ji/p,--., jm/p) and so

MA, p) = s(i/p. - jm/P) < t(1/p, ..., in/p), and
MA, p) Eo(s(1/ps - jm/P).i1/P, - 1n/P)

Thus, by the induction hypothesis we have

'%IZS(jlv"'3jm) < t(il»'~~1in)s and %'z(p(s(jls'-~sjm)vila"-7in)'

So, we conclude that .Z = 3x < t(iy, ..., 0L)e(, i1, ..., 0). O

Let us repeat where we are now: in looking for a finite fragment 7 C IA( such that
IAg ¥ HCon(T) we found a finite fragment Ty C IA( and a bounded formula 6 (x)
such that Ty - —3x elog .# 0 (x) but the theory IAg+3x € .# 0 (x) is consistent and has
amodel .#Z |=1Ag+ [a€ # AB(a)]. Then we aim at showing that .# (= HCon(T).
If .# = HCon(T) then we form the set of terms I" = {i | i < wi(a)} for which
w2 ("I exists (by the very definition of .# and the assumption that ¢ € .¥), and
so we can form the model 9(I", p) where p is an T-evaluation on I"‘/) (where
j < log*("I'7) can be taken to be non-standard if a is so). The theory 77 had the
property that 9(I", p) = 6(a/p) (by Theorem 3), and in the next subsection we
introduce a finite fragment 7> C IAq such that for a suitable A D I" (to be defined
later) we will have 9U(A, p) = a/p € log.#. Then by taking T to be any finite
fragment of [Ay which extends 7y U T7 U T, we will conclude that .# = —HCon(T).

3.3 The third finite fragment

The fragments Ty and 77 were chosen not by their axioms but by their implications;
Tp had to prove —3x € log .#0(x) (Definition 11), and 7} had to prove some certain
arithmetical statements (Definition 12). But for 75 we require that it contains one of
the following sentences as (one of) its (explicit) axioms (not only its consequences).

Definition 13 (Axioms for Totality of the Squaring Function)

1. The induction principle for the bounded formula ¥ (x) = “Jy < x%[y = x - x]”is
denoted by Indg : ¥ (0) AVx (w(x) — w(S(x))) — Vxi(x). Or, in other words
(cf. Examples 1,3) Ind, which is an axiom of the theory 1A, is the sentence:

3y < 0’[y=0-0] /\Vx(EIy <Xy =x-x]
— 3y < S(x)*[y = Sx) - S(x)]) = Vxdy < x’[y =x - x].

2. The I1;-sentence expressing the totality of the squaring function is denoted by
Qo Vxdy < xz[y =x-x]. o

We denote by q(x) the Skolem function symbol of the formula 3y < x*[y = x - x]
(cf. Examples 1,3). Then the Skolemized forms of the axioms of Definition 13 will be
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I [ug0®vu#0-0]V
[la@) <@ Aa@ =c-cd A v £ SO Vv # S0 -S©1]\/
<

[a(r) < 2* Aq(x) = x - x],
where u, v, x are free variables and ¢ is the Skolem constant as in Example 1.
2. qx) <xZAq) =x-x.

Define the terms ¢;’s by induction: g, = S(S(0)) and g, ; = q(q;). By using a Ag
definition for exp (see the fourth paragraph of Sect. 3), for sufficiently small i’s, it can
be easily seen that q; represents the number exp?(i), while for the code of q; we have
log("q;™) € ﬁ’(log(exp(i))). That is to say that while the value of the term Q; is of
double exponential, the code of it is of (single) exponential. This (one) exponential
gap, will make our proof to go through.

Formulating the statement “x € log>” can be stated as “there exists a sequence p
such that (p)p =2 and |p| = x 4+ 1 and for any i < x we have (p)i+1 = (p)i - (p)i”.
And “y € log.#” can be stated as “4y* € log>”. Put T = {q; | i < 4a*}. Then
any Qo (Ind)-evaluation on Y must satisfy Oiy1 = 0; -q; forany i < 4a*. If
p is any such evaluation, then 9(Y, p) E Vi < 4(g/p)4[qi+1/p =4q;/p-9;/pl
We require the finite fragment 75 € IAq to have the property that for any model
JH = T, if there are elements qq, g1, ..., qp € £ such that 2 satisfies gg = 2
and gj11 = ‘11‘2 for any i < b, then # = b € log”. Let us note that the code of the
sequence (exp2(0), exp>(1), ..., exp>(b)) is roughly bounded by

[Texp® @) ~ (exp?1))* = exp® (b + 1).
i<b

So, in the presence of qg, q1, . .., q» € % with the above property, the (code of the)
sequence p in .# with the property “(p)o = 2, |p| = b+ 1 and for any i < b,
(P)i+1 = (p)i - (p);” must exist.
Note also that
IAg b Vili €log® — i + 1 € log?]. (%)

Definition 14 (The Third Fragment T5)

1. If the usual axiomatization of IA( is taken into account, then let 75 be a finite
fragment of it which contains the axiom Ind; and has the property () above.
That is to say, for any model Z" |= T», if there are elements qg, g1, ..., qp € A
such that 7" satisfies g9 = 2 and g; 1] = ql.2 forany i < b, then % = b € log?.

2. IfIAg has been axiomatized all by IT;-formulas, where the induction axioms are
in the form Vy (go(O) AVx < y[p(x) = ¢(S(x))] = Vx < y(p(x)) for bounded
@, then we take the theory T, to be a finite fragment of 1A, + €2, where 1A
is the above I7;-axiomatization of A, together with the axiom $2¢, such that it
has the property () above (i.e., for any model 2" |= Ty, if there are elements
q0- 41, ---,qp € S such that JZ satisfies go = 2 and ¢;+] = qi2 forany i < b,
then # = b € IogZ). So, in this case 7> is a IT;-theory. o

Let us reiterate the main property of 7> again.
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The Main Property of 7,  For a model 2" |= Ty, if there are qo, q1,...,qp € H~
such that forany j < b wehave % |=¢q;41 = qu., then J# =“b € log?”.

We note that whenever we have elements g, . . ., g» (for b € log?) in a model of
T», we also have a code for the whole sequence (qo, . .., g») (in that model).

3.4 The proof of the main result

Let T be any finite fragment of IA( or IAb + Qosuchthat 7 D ToUT1 UT. If T»
is taken as in the clause (1) of Definition 14 then T is truly a finite fragment of 1A,
and if 77 is taken as in the clause (2) of Definition 14 then T is a finite IAg-derivable
IT;-theory, whose conjunction (denoted by U) is a IAg-derivable IT;-sentence.

Theorem 4 (The Main Theorem)

(1) There exists a finite fragment T of 1A such that 1Ag B HCon(T).
(2) There exists an 1Ag-derivable I1;-sentence U such that 1Ag I/ HCon(U).

Proof By Theorem 2 there exists a (fixed) bounded formula 6 (x), for the cut .# defined
in Definition 10, such that IAg t/ —=3x € 40 (x) and Ty - —3x €log .£6(x) (see Def-
inition 11 of the theory Tp). Fix .# = 1A+ [a € ¥ A6(a)]. For the part (1) take T, as
in clause (1) of Definition 14, and for part (2) take 75 as in clause (2) of Definition 14,
and let U be the conjunction of the axioms of 7. In each case we will have the Skolem
function symbol g(x) for the squaring function x +— x2.

We show that .# [~ HCon(T): Assume, for the sake of contradiction, that we have

A = HCon(T). Define the terms i’s and g, ’s by induction:
0=0,i4+1=8(@1),90=2,094; =a(q;).

Let Abethesetofterms {i | i < w1(a)}U{q; | i < wi(a)}in .#. As we saw earlier,
the code of i (and q;) are bounded by some polynomial of exp(i) and the code of A is
polynomially bounded by exp ((cul (a)2)) or exp? (2(log a)z), and finally wp("A™) is
polynomially bounded by exp? (4(10g a)4) ; which exists by the assumption a € .. We
note that a is non-standard, because otherwise we would have a € log .# and whence
A would be a model of IA( + 3x €log ¥ 60(x), and this theory is inconsistent; a con-
tradiction. The existence of w» (" A™) assures the existence of a non-standard element
Jj(<£ 10g4('_A—')) for which A/} exists, and so by the assumption .# = HCon(T)
there must exist some 7'-evaluation p on A (hence, on A<°°>) in .. So, we can
form the model (A, p). For this model we have (A, p) = T by Lemma 4. Since
A = 6(a) (and M(A, p) = T1) then M(A, p) = 0(a/p) by Theorem 3. Also,
since 9M(A, p) = T> and qy, g3, ..., q, (for b = 4a*) are elements of MM(A, )2)
such that M(A, p) = qyp = 2 and M(A, p) = Q4 = ql.2 for any i < b, then
(by the main property of T») MM(A, p) = “b € log®”. Or in other words we have
M(A, p) = “a/p € log.#”. Whence, M(A, p) |= [a/p € log.# A 6(a/p)]. So,
M(A, p) is a model of T + Ix € log .#£6(x), and this is in contradiction with the
assumption of 7 D Tp and the inconsistency of the theory Ty + 3x €log .#6(x). Thus,
M = HCon(T); and so IAg ¥ HCon(T). O
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