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GÖDEL, ROSSER, KLEENE, CHAITIN, and BOOLOS.
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KURT GÖDEL.

KURT GÖDEL (1931)
“On Formally Undecidable Propositions of Principia
Mathematica and Related Systems, I”,
Collected Works I (OUP 1986) pp. 135–152.

GÖDEL1 (1931) Q ⊢ G ↔ ¬PrT(⌜G⌝), PrT(x) ≡ “x is T-provable”.
If T ⊢ G, then T ⊢ PrT(⌜G⌝), but also T ⊢ ¬PrT(⌜G⌝) by G’s construction!

If N ⊭ G, then (by N ⊨ Q we have) N ⊨ PrT(⌜G⌝), so T ⊢ G, contradiction!

GÖDEL2 (1931) ConT ≡ ¬PrT(⌜⊥⌝).
T ⊢ PrT(⌜G⌝)→PrT(⌜¬PrT(⌜G⌝)⌝) by D1,2; also by D3 we have

T ⊢ PrT(⌜G⌝)→PrT(⌜PrT(⌜G⌝)⌝), thus T ⊢ ConT →G, so T ⊬ ConT .
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BARKLEY ROSSER.

BARKLEY ROSSER (1936)
Extensions of Some Theorems of Gödel and Church,
The Journal of Symbolic Logic 1(3):87–91.

ROSSER (1936) Q⊢R ↔ ∀x [prfT(x, ⌜R⌝)→∃y<xprfT(y, ⌜¬R⌝)].
prfT(x, u) ≡ “x codes a T-proof of u”.

If T ⊢ R, then ∃nN ⊨ prfT(n, ⌜R⌝), and so T ⊢ ∃y<nprfT(y, ⌜¬R⌝)!
If N ⊭ R, then N ⊨ ∃x [prfT(x, ⌜R⌝) ∧ · · · ], and so T ⊢ R!
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STEPHEN KLEENE.
STEPHEN KLEENE1 (1936)
General Recursive Functions of Natural Numbers,
Mathematische Annalen 112(1):727–742.
STEPHEN KLEENE2 (1950)
A Symmetric Form of Gödel’s Theorem,
Indagationes Mathematicae 12:244–246.

KLEENE1 (1936) K =“t ̸∈Wt”, Wt = {n∈N |T ⊢ “n ̸∈Wn”}.
If T ⊢ K , then t∈Wt, and so Q ⊢ “t∈Wt” (≡ ¬K ), thus T ⊢ ⊥!

If N ⊭ K , then t∈Wt, and so T ⊢ “t ̸∈Wt” (≡ K )!

KLEENE2 (1950) η(r,s) = ∀x[ϕr(r,s)↓x→∃y<xϕs(r,s)↓y].
η(u,v) = ∀x[ϕu(u, v)↓x→∃y<xϕv(u, v)↓y].

ϕr(u, v) = µz�prfT(z, ⌜η(u,v)⌝), ϕs(u, v) = µz�prfT(z, ⌜¬η(u,v)⌝).
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GREGORY CHAITIN.
GREGORY CHAITIN (1970)
Computational Complexity and
Gödel’s Incompleteness Theorem,
SIGACT News 9(1971):11–12.
Abstract in Notices AMS 17:6 (1970) p. 672.

CHAITIN (1970) 𝒦(w)>e (∀e⩾C∀∞w).
𝒦(w) = µ e. [φe(0) = w]. φC(x) = π1µy�prfT(π2y, ⌜𝒦(π1y)>x+C⌝).

If T ⊢p 𝒦(w)>C with min ⟨w, p⟩, then φC(0) = w, and so 𝒦(w)⩽C!

Do Not Use Kleene’s Recursion Theorem. 𝒦(w)=min{|P| :: P ↓=w}.
Pn = π1µy�prfT(π2y, ⌜𝒦(π1y)>n⌝). |Pn|= c+k·ℓog2(n). |PN |<N .

If T ⊢p 𝒦(w)>N with min ⟨w, p⟩, then PN ↓=w, and so 𝒦(w)⩽ |PN |<N!
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GEORGE BOOLOS.

GEORGE BOOLOS (1989)
A New Proof of the Gödel Incompleteness Theorem,
Notices AMS 36(4):388–390.

BOOLOS (1989) β<10·ℓ(b).
Def(n, φ) ≡ T ⊢ ∀ξ[φ(ξ)↔ξ=n]. D<y(x) ≡ ∃|φ|<y Def(x, φ).

β<y(x) ≡ [x = µz.¬D<y(z)]. ℓ = |β<y(x)|. |β<10·ℓ(x)|<10 · ℓ.
If T ⊢ β<10·ℓ(b), then T ⊢ ∀ξ[β<10·ℓ(ξ)↔ξ=b], so D<10·ℓ(b)!
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Π1-INCOMPLETENESS.
Fix a sufficiently strong base theory B[1] (on a sufficiently expressive language).
▶ All theories (T, U, · · · ) will be RE extensions of B.
• RE theories are Σ1-definable; and so ∆0-definable (CRAIG).

𝒟ℯ𝒻𝒟ℯ𝒻. For a ∆0-formula τ (x) let 𝒯𝒽τ = {θ | N ⊨ τ (⌜θ⌝)}.
▶ We consider ∆0-formulae τ (x) such that B ⊆ 𝒯𝒽τ ⊬ ⊥.

Definition
A Π1-incompleteness is a mapping τ 7→ θτ which assigns a
Π1-sentence θτ to a ∆0-formula τ (x) such that if B ⊆ 𝒯𝒽τ ⊬ ⊥, then
θτ is true and 𝒯𝒽τ -unprovable, i.e., (i) N ⊨ θτ and (ii) 𝒯𝒽τ ⊬ θτ . ▲

ℛℯ𝓂𝒶𝓇𝓀
If 𝒯𝒽τ is (also) Σ1-sound (≡ 1-consistent, or is ω-consistent), then
we also have (iii) 𝒯𝒽τ ⊬ ¬θτ . ▲

[1]which could be Peano’s Arithmetic, or IΣ1, or I∆1(≡ EA+BΣ1).
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Some Instances of Π1-INCOMPLETENESS Witnesses.

GÖDEL1 (1931) τ 7→ GGτ

GÖDEL2 (1931) τ 7→ Conτ

ROSSER (1936) τ 7→ RRτ

KLEENE1 (1936) τ 7→ KK1
τ

KLEENE2 (1950) τ 7→ KK2
τ

CHAITIN (1970) τ 7→ CCτ

BOOLOS (1989) τ 7→ BBτ

▶ τ 7→ Con(τ+¬Conτ )
≡ Conτ



SAEED SALEHI, Some Fairies in the Incompleteness Wonderland, Wuhan 2021. 9/14

Properties of Π1-INCOMPLETENESS WITNESSES.

Definition
A Π1-incompleteness witnesses is said (to be)

constructive if τ 7→ θτ is a constructive (effective / recursive) mapping.

ROSSERian if 𝒯𝒽τ ⊬ ¬θτ when B ⊆ 𝒯𝒽τ ⊬ ⊥ (no need for 1/ω-Con).

⇒ GGÖDEL2 if 𝒯𝒽τ ⊢ Conτ →θτ (so, 𝒯𝒽τ ⊬ θτ ⇒𝒯𝒽τ ⊬ Conτ ).

GGÖDEL2⇒ if 𝒯𝒽τ ⊢ θτ →Conτ (so, 𝒯𝒽τ ⊬ Conτ ⇒𝒯𝒽τ ⊬ θτ ).

[≊ GGÖDEL2 if 𝒯𝒽τ ⊢ Conτ ↔θτ (so, 𝒯𝒽τ ⊬ θτ ⇔𝒯𝒽τ ⊬ Conτ )].

formalizable if 𝒯𝒽τ+Conτ ⊢ θτ ∧¬Prτ (⌜θτ⌝) when 𝒯𝒽τ ⊬ ¬Conτ .

Three Short Stories around Gödel’s Incompleteness Theorems (in Japanese) by M. KIKUCHI & T. KURAHASHI (2011). ▲
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On Constructivity and the Rosser Property.

▶ S. SALEHI & P. SERAJI, On Constructivity and the Rosser Property:
a closer look at some Gödelean proofs,
Annals of Pure and Applied Logic 169:10 (2018) 971–980.

incompleteness constructivity Rosser property
GGÖDEL1 (1931) ++ –
GGÖDEL2 (1931) ++ –
KKLEENE1 (1936) ++ –
RROSSER (1936) ++ ++
KKLEENE2 (1950) ++ ++

CCHAITIN (1970) – ++

BBOOLOS (1989) – –
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How GGÖDEL2 is Derived and What GGÖDEL2 Delivers.

▶ S. SALEHI, Gödel’s Second Incompleteness Theorem:
how it is derived and what it delivers,
The Bulletin of Symbolic Logic 26:3-4 (2020) 241–256.

incompleteness it derives GG2 GG2 delivers it
GGÖDEL1 (1931) ++ ++
KKLEENE1 (1936) ++ ++

RROSSER (1936) ++ –
KKLEENE2 (1950) ++ –
CCHAITIN (1970) – –
BBOOLOS (1989) – ++
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Comparing Π1-Incompleteness Witnesses with each other.

Definition
Let Θ: τ 7→ θτ and Ψ: τ 7→ ψτ be two Π1-incompleteness

witnesses. We say that Θ is derived from Ψ, or Ψ delivers Θ, denoted
Θ≼Ψ, when for every system τ we have 𝒯𝒽τ ⊢ θτ →ψτ .

So, 𝒯𝒽τ ⊬ ψτ =⇒=⇒ 𝒯𝒽τ ⊬ θτ .
Let Θ ≊ Ψ abbreviate Θ≼Ψ≼Θ, and Θ ⪹ Ψ shorten Θ≼Ψ ̸≼Θ. ▲

Theorem

CC ⪺ B̃B ⪹ GG2 ≊ KK1 ≊ GG ⪹ RR ≊ KK2. ■

RR, KK2 alternative. B̃B substantial variant.
Boolos is the weakest, derivable from all.
Rosser is almost the strongest, delivers all except Chaitin.
Chaitin is the most neutral, not derived from any, and delivers no other except Boolos.
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Some Instances of Π2-INCOMPLETENESS Witnesses.

▶ H. PUTNAM (2000); Nonstandard Models and Kripke’s Proof of
the Gödel Theorem, Notre Dame J. Formal Logic 41(1):53–58.
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For every RE theory there exists a function that dominates
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Thank You!

SaeedSalehi .ir
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