A completeness property

of

Wilke's Tree Algebras

Saeed Salehi

Turku Centre for Computer Science

saeed@cs.utu.fi



Trees: terms over a ranked alphabet >
Set of all 2-trees: Ty

Example >y = {a,b}, >o={fg}:
f

AP

a b
Contexts: terms over U {£} in which exactly
one leaf is €¢.

= f(g(a,b),b).

Set of all Z-contexts: Cy (Special trees)

The X-term algebra 7y = (Ty, X):

—CTZ:C

T fTZ(t]_,... 7tm) :f(t]J ’tm)



Congruences of a tree language T' C Ty

(1) for trees, t ~1 ¢/ iff

plt] e T < p[tl €T

for every context p

Syntactic algebra of T =Ty / ~1

» String case: Nerode Congruence,
Minimal Automata.

(2> for contexts, D Q-;T p/ ifF

qlplt]] €T < q[p'[t]] € T

for all trees t, contexts ¢

Syntactic monoid of T = Cx/ ~'

» String case: Myhill/Syntactic Congruence,
Syntactic Monoid/Semigroup.



Binary A-trees and A-contexts

S8 ={ci|lac A} 4 ={fa|ac A}

T, = set of A-trees

e cqocly foreveryac A

o fu(t1,tr) €Ty ifac Aand ty1,to € Ty
C'4 = set of A-contexts:

o {cCy ]

o fu(&,t), fa(t, &) eCypifac AandteTy

o fa(p,t), fa(t,p) € Cyq ifa € A, t € T4 and
peCy



Example A = {a,b}

/K = fa(cbafa(caacb)) € Tg,

Q

A = fa(fal€ ), c5) € Ca

/&b

(o b



Signature of tree algebras I' = {¢,k, A\, p,n,0}

3 sorts: LABEL, TREE, CONTEXT

L . Qa — A

LABEL TREE

A a,A — /K
; /N

LABEL, TREE CONTEXT

P a,A b /@\
/\ ;

LABEL, TREE CONTEXT



K a,ﬁ\,/j\ — /a\

/N

LABEL, TREE, TREE TREE

Y/ NV -

CONTEXT, TREE TREE

. bd -

CONTEXT,CONTEXT CONTEXT

/N



[-Algebra of A-trees and A-contexts

Ty = (A, Ty, Cy, )
labels,trees,contexts

(Wilke's functions)
o A A Th A (a) = cq

e VA1 AXTh — Ch M (a,t) = fa(€,1)

o 1 AXTp — Ch p™(a,t) = fa(t, &)

o KA ATy — T KA (a, b1, t5) = falt1,to)
o CaAXxTpo—Tan  n°(p,t) =plt]

o o/ : Ci — Cp o™ (p1,p2) = p1[p2]

Tree-algebraic functions (A" x Ty x C'y — A/T4/C):
generated by Wilke's + projection 4+ constant functions.

[ ]]



Tree Algebra= a -algebra satisfying Wilke's axioms:
e g(o(p,q),r) =0(p,o(q,r)) polgor) = (pog)or
e n(o(p,;q),t) =nlp,n(q,t)) (poaq)lt] = plglt]]
e n(A\(a,t),t)) = kr(a,t,t)
o n(p(a,t),t)) = r(a,t,t)

T4 is a tree algebra: all Wilkes' identities hold
in A-trees and A-contexts.

Example: n(c(p, \(a,t)),t") = n(p, x(a,t’ 1))

£\

A A

IS derivable from the second and the third ax-
ioms by ¢ = A(a,t).

Theorem T his axiom system is sound and com-
plete: every identity true in 74 is provable in
the system, and vice versa.



Syntactic tree algebra congruence relations of
L CTy:

°®a m%\ a =Vp e CyVt,t' € Ty
(Plea) € L pleg) € L) &

(p[fa(t, ] € L — plfy(t,t)] L)

~

~ ot =Vp e C’A<p[t] € L —— p[t € L)

P =Vq € CyVt € Ty
(qlpltl) € L — gl € L)

P =

@lw

. -a - n m k
Definition F': A x Ty x Cy — A/Tp/Cp
is [syntactic] congruence preserving if

Y / Y / Y 1 1
VL C Tp, a; ~% a;, ok t, pj =7 p);, implies

F(CL]_,"' 7a’n7t17"' 7tm7p17"' 7pk) zi/‘r/c

’QJ"F(G’,]_a 7a’;17t/7"' 7t/'rn7p/]_7"' 7p;§)



Example A = {a,b}.

F 75— Ca, F(t5) = fy(fal6),5) = A

AA

IS congruence preserving. Indeed A £
F(t,s) = o4 ()\A(b, s), pA(a,,t)), and

Lemma Tree-algebraic functions are congruence
preserving.

Example F : T4 x A — Ty defined by
“F(t,z) = put x in the left-most leaf of "

does not preserve the syntactic congruence of
L = {fa(cp, cp)}: falca,cp) =L fiyca,cp), but

F( fa(ca, c),b) = falep, cp) 2L folen, ) = F( fo(cas b),b).



(Main) Theorem For alphabet |A| > 7, every
congruence-preserving function is tree-algebraic.

Not true for |A| =2

Open for |[Al=1and 3<|A| <6 (?)

Homogeneous Version (for term algebras): For
signature X, if |[Xg| > 7, then every congruence
preserving I : (Isx)™ — Ts is a term function.

Not true for |Zg| =1

Open for 2 < |Xg| <6 (?)

Finite algebras: called hemi-primal.



