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Abstract

The problem of IT; —separating the hierarchy of bounded arithmetic has been studied in the article. It is shown that the notion of
Herbrand consistency, in its full generality, cannot I —separate the theory IAg+ /\j Q; from IAg; though it can IT; —separate
IAo+Exp from IA(. Namely, we show the unprovability of the Herbrand consistency of IA in the theory IAg+ /\j Q;.
This partially extends a result of L. A. Kotodziejczyk who showed that for a finite fragment S C1A, the Herbrand consistency
of S+ is not provable in IAO—',-/\J- Q;.
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1 Introduction

One of the consequences of Godel’s Incompleteness Theorems is the separation of Truth and
Provability, in the sense that there are true sentences which are not provable, in sufficiently strong
theories. Moreover, those true and unprovable sentences could be IT; (see Section 3.2). Thus, Truth is
not I[T{ —conservative over Provable. Godel’s Second Incompleteness Theorem provides a concrete
candidate for I1{ —separating a theory T over its subtheory S, and that is the consistency statement of
S; when T proves the consistency of S, then T is not a I1; —conservative extension over S, since by the
second incompleteness theorem of Godel, S cannot prove its own consistency. Indeed, there are lots
of T1y —separate examples of theories (see Section 2.2), and there are some difficult open problems
relating to [T —separation or I1j —conservativeness of arithmetical theories. One of the well-known
ones was the IT;—separation of IAy-+Exp, elementary arithmetic, from IA(, bounded arithmetic.
Here Godel’s Second Incompleteness Theorem cannot be applied directly, since IAg+ Exp does not
prove the consistency of IA. For this I1; —separation, Paris and Wilkie [@] suggested the notion of
cut-free consistency instead of the usual, Hilbert style, consistency predicate. Here one can show the
provability of the cut-free consistency of IA( in the theory IAy+Exp, and it was presumed that [A
should not derive its own cut-free consistency (see [LLl, [12] for some historical accounts). But this
generalization of Godel’s Second Incompleteness Theorem, that of unprovability of the weak notions
of consistency of weak theories in themselves, took a long time to be established. For example, it was
shown that IA( cannot prove the Herbrand consistency of itself augmented with the axiom of the
totality of the squaring function (Vx3Jy[y=x-x]) — see lﬁﬁ]; and then, by a completely different proof,
it is shown in [ﬁ]] the unprovability of the Herbrand consistency of 1A in itself, when its standard
axiomatization is taken. Thus, one line of research was opened for investigating the status of Godel’s
Second Incompleteness Theorem for weak notions of consistencies in weak arithmetics. In another
direction, one can ask whether weak notions of consistencies can I1; —separate the hierarchies of weak
arithmetics. One prominent result here is of L. A. Kolodziejczyk ﬁ]; one consequence of which is
that the notion of Herbrand consistency cannot IT; —separate the theory IAg + A\ 2; (see Section 2.2)
from IAg+£21. We conjectured in [Ef], that by using our techniques and methods one can (partially)
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extend this result by showing the unprovability of the Herbrand consistency of 1A in IAg+ /\ ©;
(Conjecture 39). In this article, we prove the conjecture. The ideas of the arguments are heavily based
on the papers [EI] and [E]; one new trick is a more efficient Skolemization which allows us to extract a
Skolem function symbol for squaring (x — x2) from an induction axiom of IAg. This obstacle could
have been overcome by injecting a function symbol for squaring into the language of arithmetic or
by accepting an axiom like Vx3y(y =x-x), which gives out a Skolem function for squaring. Here we
have avoided those ways, and used the standard language of arithmetic and standard axiomatization
of IA(. The arguments of the paper go rather quickly, nevertheless some explanations and examples
are presented for clarifying them. No familiarity with the papers cited in the references is assumed
for reading this paper; the classic book of Peter Hijek and Pavel Pudlak [H] is more than enough.

2 Herbrand consistency and bounded arithmetic

2.1 Herbrand consistency

For Skolemizing formulas, it is convenient to work with formulas in negation normal form, which
are formulas built up from atomic and negated atomic formulas using A, v,V and 3. For having more
comfort we consider rectified formulas, which have the property that different quantifiers refer to
different variables, and no variable appears both bound and free. Let us note that any formula can be
negation normalized uniquely by converting implication (A — B) to disjunction (—A V B) and using
de Morgan’s laws. And renaming the variables can rectify the formula. Thus, any formula can be
rewritten in the rectified negation normal form (RNNF) in a somehow unique way (up to a variable
renaming). For any (not necessarily RNNF) existential formula of the form 3xA(x), let fa4(y) be a
new m—ary function symbol where m is the number of the free variables of 3xA(x). When m =0 then
faxaqx) will obviously be a new constant symbol (cf. [ﬁ]). For any RNNF formula ¢ define (pS by
induction:

. (pS = for atomic or negated-atomic ¢;

. (<po¢)S =(pS ows for oe{A, v} and RNNF formulas ¢, ¥;

* (Vxp)S =VxpS:

o (Axg)S =§0S[f3w(x)(i)/x] where y are the free variables of Jxp(x) and the formula
<p8[f3w(x)(y) /x] results from the formula ¢S by replacing all the occurrences of the variable x
with the term f3,¢(x)(¥)-

Finally, the Skolemized form of a formula v is obtained by

(1) negation normalizing and rectifying it to ¢;
(2) getting gps by the above inductive procedure;
(3) removing all the remaining (universal) quantifiers in <pS.

We denote thus resulted Skolemized form of v by 5. Note that our way of Skolemizing did not
need prenex normalizing a formula. And it results in a unique (up to a variable renaming) Skolemized
formula.

EXAMPLE 2.1

Let O be a constant symbol, s be a unary function symbol, + and - be two binary function symbols,
and < be a binary predicate symbol. Let A be the sentence VxVy(x <y <> 3z[z+x=y]) which is an
axiom of Robinson’s Arithmetic Q (see Example2.3), and let B =60(0) AVx[0(x)— 0(x +1)]= Vx0 (x),
where 6(x)=3y(y<x-xAy=x-x). This is an axiom of the theory IA( (see Section 2.2). The rectified
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negation normalized forms of these sentences can be obtained as follows:

€ =ARNNF vy (e £y v Ju(u+x=y) A [¥z(z+x #y) va<yl), and
D=B"""F =vu(us£0-0vu#0-0)\/

EIw[(EIz[sz-w/\z =w-w)ANV[vL(sw)-(sw) Vv # (5w)-(5w)])] \/
VxIyly<x-xAy=x-x].

For simplifying the notation, let b stand for f3,(,4x=y). ¢ abbreviate the Skolem constant symbol
for the sentence Iw[(Fz[z<w-wAz=w-wD)A(Yv[vL(sw)-(sw) Av#(sw)-(sw)])], and q(§) be the
Skolem function symbol for the formula 3z[z<&-E Az=£&-£]. Then C S and DS are as follows:

CS =¥y (Le sy v (h0x,y) +x =) A[Va(z+x £y) Vx<yl), and
DS =Vu(u0-0vu#0-0)\/

[(@(©)<e-cngle)=c-0) AWV L (s6)-(s0) Vv £ (s0)-(s0) |\ /
Vx(g(x) <x-x Aqx)=x-x).

Finally the Skolemized forms of A and B are obtained as:

ASE =[xy v (h(x, ) +x =Y Al +x #£y) va<y], and
BSk =(u¢0-0Vu¢0.0)\/

[ <eenge)=c-0) AL (se)-(s0) Vv #(s0)-(s0)] \/

(q@)<x-xAgq(x) =x-x). o
An Skolem instance of a formula ¢ is any formula resulted from substituting the free variables of
wSk with some terms. So, if xq,...,x, are the free variables of 1//Sk (thus written as wSk(xl, e Xn))
then an Skolem instance of ¥ is wSk[tl /X1, tn/Xn] Where t1,...,1, are terms (which could be
constructed from the Skolem functions symbols). The Skolemized form of a theory T is by definition
TSk = {(pSk | eT}. A version of Herbrand’s fundamental theorem reads as follows (cf. [3]).

THEOREM 2.2 (Gddel - Herbrand - Skolem)
Any theory T is equiconsistent with its Skolemized theory TSX. That is, T is consistent if and only
if every finite set of Skolem instances of T is (propositionally) satisfiable.

Our means of propositional satisfiability is by evaluations, which are defined to be any function p
whose domains are the set of all atomic formulas constructed from a given set of terms A and whose
ranges are the set {0, 1} such that

(1) plt=t]=1 for all t€ A; and for any terms ¢,s€ A,
(2) if p[t=s]=1 then p[e(t)]=p[e(s)] for any atomic formula ¢(x).

The relation «~, on A is defined by ¢+, s <= p[t=s]=1 for t,s€ A. One can see that the relation
«p is an equivalence relation, and moreover is a congruence relation as well. That is, for any set of
terms ¢#; and s; (for i=1,...,n) and any n-ary function symbol f, if p[t] =s1]=---p[t,=sn]=1 then

plf(ty,....ta)=f(s1,...,sn)]=1.
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The «~,—class of a term ¢ is denoted by f/p; and the set of all such p—classes for each
te A is denoted by A/p. For simplicity, we write p =¢ instead of p[¢]=1; thus p}~=¢ stands
for p[¢]=0. This definition of satisfying can be generalized to other open (RNNF) formulas
as usual.

If all terms appearing in an Skolem instance of ¢ belong to the set A, that formula is called an
Skolem instance of ¢ available in A. An evaluation defined on A is called a ¢ —evaluation if it satisfies
all the Skolem instances of ¢ which are available in A. Similarly, for a theory T, a T —evaluation
on A is an evaluation on A which satisfies every Skolem instance of every formula of 7 which
is available in A. By Herbrand’s Theorem, a theory T is consistent if and only if for every set of
terms A (constructed from the Skolem terms of axioms of T') there exists a T —evaluation on A. We
will use this reading of Herbrand’s Theorem for defining the notion of Herbrand consistency. Thus,
Herbrand Provability of a formula ¢ in a theory T is equivalent to the existence of a set of terms on
which there cannot exist any (7T U{—¢})—evaluation.

ExAMPLE 2.3

Let Q denote Robinson’s Arithmetic over the language of arithmetic (0,s,+,-, <), where 0 is a
constant symbol, s is a unary function symbol, +,- are binary function symbols and < is a binary
predicate symbol, whose axioms are as follows:

Aq: Vx(sx#0) Ay VxVy(sx=sy—x=y)
Az Vx(x #0— Jy[x=s5y]) Ay VxVy(x<y<Jz[z+x=y])
As: Vx(x+0=x) Ag: YxVy(x+sy=s(x+y))
A7: Yx(x-0=0) Ag: VxVy(x-sy=x-y+x)

Let ¢ =Vx(x<0—x=0). We can show QF¢; this will be proved below by Herbrand provability.
Suppose Q has been Skolemized as below:

A?k: sx#0 Agk: SX£SYyVX=Yy

Agk: x=0Vvx=spx Aik: [xLyVhx,y)+x=y]A[z+x#yVx<y]
Agk: x+0=x Agk: x+sy=s(x+y)

A?k: x-0=0 Agk: X-§y=x-y+x

Here p abbreviates f3yx—sy) and b stands for f3,(;4 x—y). Suppose that —¢ has been Skolemized as
(¢<O0Ac#0) where ¢ is the Skolem constant symbol for Ix(x <O Ax #0). Put

A ={0,c,b(c,0),b(c,0)+c,spc,s5(h(c,0)+pc), h(c,0)+spc).

We show that there cannot exist a (Q+—¢)—evaluation on A. Assume (for the sake of contradiction)
that p is such an evaluation. Then by A3 we have p |=c=spc. On the other hand, by A4 we have
pEbH(c,0)+c=0, and so p=h(c,0)+spc=0. Then by Ag we get p =s(h(c,0)+pc)=0 which is a
contradiction with Aj. o

Let us note that finding a suitable set of terms A for which there cannot exist a (7' + —)—evaluation
on A is as complicated as finding a proof of TH1 (even more complicated, see Section 3.1). The
following is another example for illustrating the concepts of Skolem instances and evaluations, which
will be used later.
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EXAMPLE 2.4
Let B be as in the Example 2] in the language (0,5, +, -, <). Thus,

B=0(0)AVx[0(x)—0(sx)]—VxO(x) where O(x)=Ty(y<x-xAy=x-X).
We saw that the Skolemized form of B is

B =(us0-0vuz£0-0)\/
[(@(©)<e-engle)=c-0) A (s0)-(s0) Vv £ (s0)-(50) | \/

(g)<x-xAg(x)=x-x),

where (&) is the Skolem function symbol for the formula 3z[z<& - Az=£&-£] and ¢ is the Skolem
constant of Iw[(Fz[z<w-wAz=w-w) A(YV[v L (sw)-(sw) Av# (sw)-(sw)])]. Define the set of terms
Tby Y= {0,0+0,02, c, c2, c2+0,5c, qc,(sc)Q,(sc)z—}—O} and suppose p is an (Q + B)—evaluation on
the set of terms Y U{r,7%,q(r)}. The notation o is a shorthand for ¢-o. Then p must satisfy the
following Skolem instance of B which is available in the set Y U{z, 12, q(n}:

(1) (0£0*v0#£0H)V
((qc < Age=c?) A((s0)% £ (50)? v (s0)% # (5c)2)> \/
CONSNTOEIDE

Now since p=0-0=0+40=0 then, by Q’s axioms, p}=0< 02 A0= 02, and so p cannot satisfy the
first disjunct of (1). Similarly, since p = (5c)2 +0= (5c)2 then p = (5c)2 < (5c)2, thus p cannot satisfy
the second disjunct of (1) either, because p = (s¢)> =(sc). Whence, p must satisfy the third disjunct
of (1), then necessarily p =q(¢) = 2 must hold. o

2.2 Bounded arithmetic hierarchy

First-order Peano arithmetic (PA) is the theory in the language (0,s,+,-,<) axiomatized by
Robinson’s Arithmetic Q (Example23) plus induction schema v/ (0) A V[ (x) — ¥ (5(x))] = Vi (x)
for any formula ¥ (x). This theory is believed to encompass a large body of arithmetical truth in
mathematics; the most recent conjecture (due to H. Friedman) is that a proof of Fermat’s Last Theorem
can be carried out inside PA ([ﬁ]), and indeed Andrew Wiles’s proof of the theorem has been claimed
to be formalized in it ([B]). To see a simpler example, we note that primality can be expressed in
the language of arithmetic by the following formula: Prime(x)=Vy,z(y-z=x—y=1vz=1). Then
Euclid’s theorem on the infinitude of the primes can be written as Yx3y[y > x A Prime(y)]. It can be
shown that Euclid’s proof can be formalized completely in PA. One would wish to see how much
strength of PA is necessary for proving the infinitude of the primes. An important subtheory of
Peano’s Arithmetic is introduced by R. Parikh ([ﬂ]) as follows. A formula is called bounded if its
every quantifier is bounded, i.e. is either of the form Vx<{#(...) or 3x<{#(...) where ¢ is a term; they
are read as Vx(x<r—...) and Ix(x <7 A...), respectively. The class of bounded formulas is denoted
by Ag. It is easy to see that bounded formulas are decidable. The theory 1A, also called bounded
arithmetic, is axiomatized by Q plus the induction schema for bounded formulas. An important
property of this arithmetic is that whenever 1Ay Vx3dy 6(X) for a bounded formula 6, then there
exists a term (polynomial) #(¥) such that IA(FVx3y<#(X) 6(X) (see e.g. [H]). An open problem in the
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theory of weak arithmetics is that whether or not the infinitude of the primes can be proved inside
IAg. However, it is known that much of elementary number theory cannot be proved inside IAq; the
theory is too weak to even recognize the totality of the exponentiation function. The exponentiation
function exp is defined by exp(x)=2%; the formula Exp expresses its totality: (Vx3y[y=exp(x)]).
We note that the formula ‘y=exp(x)’ can be written by a bounded formula in two free variables
x,y in the language of arithmetic (see [EI]). The theory 1A cannot prove Exp but is able to prove
some basic properties of the exp function (see again [4]). The theory IAy+Exp, sometimes called
Elementary Arithmetic, is able to formalize much of number theory. It can surely prove the infinitude
of the primes. Note that in Euclid’s proof, for getting a prime number greater than x one can use
x!+1, which should have a prime factor greater than x (no number non-greater than x can divide
it). And it can be seen that x! <expexp(x). Between 1Ay and IAg-+Exp, a hierarchy of theories is
considered in the literature, which has close connections with computational complexity. They are
sometimes called weak arithmetics, and sometimes bounded arithmetics. The hierarchy is defined
below. The converse of exp is denoted by log which is formally defined as logx =min{y | x<exp(y)};
thus exp(logx — 1) <x <exp(logx). The superscripts above the function symbols indicate the iteration
of the functions; e.g. expz(x)zexpexp(x) and log3x=log10glogx. Define the function w,, to be
wm(x)=exp™ ((logmx) . (logmx)). It is customary to define this function by induction: wq(x) =x2 and
wn+1(x)=exp(wn(logx)). Let Qp, express the totality of wy (i.e. Qp=VYx3Ay[y =wm(x)]). It can be
more convenient to consider the function w_(x) =2x as well (cf. [E]). The hierarchy between 1A
and IAg+Exp is {IAg+Qm}m>1. For example, the theory IA(+€2; can prove the infinitude of the
primes (the proof is not easy at all, see [E]). We first review some basic properties of the w,, functions:
1 dominates all the polynomials and w1 dominates all the (finite) iterations of wy,. Let us note
that a)(’)v (x) =xXP(N) apd w% (x) =exp™([log" x]*PM)) also a)j/.\j_l x)= exp(wjl.v (logx)), for N> 1.

LEMMA 2.5
For any natural m>0 and N >2, and any x > expm+2(N ), we have a)nN1 (X) <@p41(x).

PrOOF. For m=0 we note that 2V .logx < (logx)2 for any x> expz(N). Thus exp(2Vlogx) <
exp((logx)z), which implies that wév(x) <wi(x).

For m>1 we can use an inductive argument. For any x > exp”t2(N) we have logx > exp™t!(N),
so by the induction hypothesis a)% _(logx) <wp(logx). Then exp[a)z _(logx)] <explwm(logx)],
and so a)nN1 (x) < wp41(). |

The following lemma will be used later in the article.

LEMMA 2.6
Forany m>—1,N>1 and x> expm+2(4N +4), there exists some y (<x) such that

w%(y)<x<wm+1(y).

PrOOF. We first show the lemma for m = —1: for any x >exp(4N +4), there exists a least y such that
y2>x; 50 (y—1)% <x. Also from y? > 24V +4 we have y>22V*+2 Whence we have x <y? = wq(y), and
also a)ﬁ’l(y) =2N V<YYo — 1)2 <x. Let us note that ,/y-y<(y— 1)2 holds for any y>4 and we
have y>22N+2>4,

For m=0, we use the above argument for logx, noting that logx>exp(4N +4) holds by the
assumption x> exp?(4N +4). There must exist some z such that 2V .z <logx<z%. Let y=exp(z), s0
z=logy. Thus, from 2 logy <logx < (logy)? it follows that wf)v(y) =y>PN) Lexplexp(N)- (logy)] <
exp(logx—1) <x<exp(logx)éexp([logy]Z) =w1(y).
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For m>1, we use induction on m with a straightforward argument. For x>expm+3(4N +4),
we have logx>exp™t2(4N +4), and so by the induction hypothesis there exists some z such that
a)%(z)<logx<wm+1(z). Put y=exp(z), so we have a)]n\;(logy)<10gx<wm+1(logy). Thus, we finally

get )y | (y)=exp(a)) (logy)) <exp(logx — 1) <x<exp(logx) <exp(wy +1(10gy)) =wm12(y)- u

Whence the hierarchy {IAg}U{IAg~+ Qm}m>1U{IAg +/\Qj,IA0 +Exp} is proper:
(2)  IA0ST1A0+8n STA0+Qn11 S+ S1A0+ /\ @ ST1A0 +Exp.

The notation IAg+ /\Qj abbreviates Un> 1(IA+2p). The class of X,—formulas and IT,—formulas
are defined as follows: X1 —formulas are equivalently (in first-order logic) in the form 3x6(x), where
ey, and I1] —formulas are equivalently in the form Vx6(x), for some € Ag. Then X, | —formulas
are (logically) equivalent to Ix¢(x) for some ¢ €1, and I1,,4 1 —formulas are equivalent to Vx¢(x) for
some @€ ¥,,. The above hierarchy is not [T, —conservative, i.e. there exists a I1o—formula (namely
41) which is provable in IAg+ Q2,1 but not in IAg+ 5. Though, the (difficult) open problem
here is the IT{ —conservativity of the hierarchy:

PROBLEM 2.7
Is there a IT; —sentence ¥ such that IAg+ Q1 F v and 1A+ Qm A ¢ ? o

As for the above hierarchy (2) it is (only) known that IAg+Exp is not [1;—conservative over
1A+ /\Qj (see [ﬂ], Corollary 5.34 and the afterward explanation).

Examples of ITj—separation abound in mathematics and logic: Zermelo-Frankel Set Theory
ZFC is not IT; —conservative over Peano’s Arithmetic PA, because we have ZFCH Con(PA) but,
by Godel’s Second Incompleteness Theorem, PAI#Con(PA); where Con(—) is the consistency
predicate. Inside PA the X, —hierarchy is not a I1] —conservative hierarchy, since 2,41 -Con(IZy)
though IZ, ¥ Con(IX,) (see e.g. [EI]). Then below the theory 13X, things get more complicated: for
I1; —separating IAy+Exp over IA( the candidate Con(IA() does not work as expected, because
IAg+Expt#Con(IAg) (see [E] Corollary 5.29). For this IT{—separation, Paris and Wilkie [IQ]
suggested the notion of cut-free consistency instead of the usual - Hilbert style - consistency predicate.
Here one can show that IAg+Exp CFCon(IA), and then it was presumed that IAy ¥ CFCon(IAp),
where CFCon stands for cut-free consistency. In 2006, L. A. Kotodziejczyk [[3] showed that
the notion of Herbrand consistency (and thus, more probably, other cut-free consistencies, like
Tableaux, etc.) will not work for ITj—separating the hierarchy above 1Ag+€2; either. Namely,
IAo—i—/\QijHCon(IAO—i—QI), where HCon(—) is the predicate of Herbrand consistency (see
Section 2.3). Actually the main result of [E] is stronger, in the sense that it proves the existence
of a finite fragment S C1A( such that IAg+ /\Qj cannot prove HCon(S +£21) (cf. Conjecture[Tlin
Section 4). In this article, we partially extend this rather negative result one step further, by proving
IA0+ A Qj#HCon(IAy).

2.3 Herbrand consistency in bounded arithmetics

For a theory T, when A is the set of all terms (constructed from the function symbols of the language
of T and also the Skolem function symbols of the formulas of T') any T —evaluation on A induces
a model of T, which is called a Herbrand Model. Let L be a language and A be a set of (ground)
terms (constructed by the Skolem constant symbols and the Skolem function symbols of £).


http://logcom.oxfordjournals.org/

552  Herbrand consistency

Put A0 = A, and define inductively

AR AR Uy, ) If €L &L, .. tme AR
Ulfavy @) (1o t) TP <k &1, e AR

Let A denote the union |,y A
Suppose p is an evaluation on A% Define M(A,p)={t/p|teA{°} and put the £L—structure
on it by

(1) fPAPty [p, ... tm/p)=f(t1,...,tm)/p, and
(2) RPAP ={(t) /p,....tm/P) P =R, ..., tm)}

for function symbol f, relation symbols R, and terms 1, ...t € A,

LEMMA 2.8
The definition of £—structure on (A, p) is well-defined, and when p is an T—evaluation on A(®) s
for an L—theory T, then DU(A,p)=T.

PROOF. That the definitions of fP¥AP) and RPUAP) are well-defined follows directly from the
definition of an evaluation. By the definition of A{®) | the structure (A, p) is closed under
all the Skolem functions of £, and moreover it satisfies an atomic (or negated atomic) formula
A(t1/p,...,tm/p)if and only if p = A(t1, ..., t,). Then it can be shown, by induction on the complexity
of formulas, that for every RNNF formula v, we have 9JT(A,p) =y whenever p satisfies all the
available Skolem instances of ¥ in Al Whence, if p is a T—evaluation, then (A, p)=7. N

For arithmetizing the notion of Herbrand consistency, we adopt an efficient Godel coding, introduced
e.g. in Chapter V of [@]. For convenience, and shortening the computations, we introduce the P
notation: we say x is of P(y), when x is bounded above by a polynomial of y; and we write this as
x <P(y), meaning that for some natural z the inequality x <y" +n holds. Let us note that x < P(y) is
equivalent to the old (more familiar) O—notation ‘logxe O(logy)’. Here, we collect some very basic
facts about this fixed efficient coding that will be needed later.

REMARK 2.9
Let A, B be sets of terms and let |A|, |B| denote their cardinality. Then

e TAUB<64-("A"-"B™) (Proposition 3.29 page 311 of [E]); and
e |A|<log("A™) (Section (e), pp. 304-310 of [H]);

where "A ™ denotes the Gddel code of the set A. o

Let £4 =(0,5,+, -, <) be the language of arithmetics (see Example23). If we let £§k be the closure
of L4 under Skolem function and constant symbols, i.e. let Egk be the smallest set that contains
L4 and for any Eﬁk—formula dx¢(x) we have f3x¢(x)e£5k, then this new countable language can
also be re-coded, and this recoding can be generalized to ,Cgk—terms and Eik—formulas. We wish
to compute an upper bound for the codes of evaluations on a set of terms A. For a given A, all the
atomic formulas, in the language L4, constructed from terms of A are either of the form r=s or of
the form 7 <s for some #,s€ A. And every member of an evaluation p on A is an ordered pair like
(t=s,i) or (t<s,i) for some t,s€ A and i€{0, 1}. Thus, the code of any member of p is a constant
multiple of ("¢7-TsT)2, and so the code of p is bounded above by P(]_[t’seArtT'—sj). Let us also
note that [, ;e p Tt "5 =[T,ep CtD?A =([Tyep DA K P AT AT P AT ATy and
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that” A 108" A< g (TA 7). Thus, we have "p < P (a)l ('_A—')) for any evaluation p on any set of terms
A. Asnoted in [|ﬁ|] there are exp(2|A |2) different evaluations on the set A, and by |A|<log" A7 we
get exp(2|A[2) <P (exp((log” A N?)) <P (w1 ("AM). So, only when w;("A™) exists, can we have
all the evaluations on A in our disposal. We need an upper bound on the size (cardinal) and the code
of AV defined above.

THEOREM 2.10
If for a set of terms A with non-standard " A7 the value wy (" A7) exists, then for some non-standard
j the value ™A V)7 will exist.

PROOF. We first show that the following inequalities hold when " A™ and | A| are sufficiently larger
(n+1)!

than n: (1) [A®)] <P(|A|"’) and (2) TA (M7 gP(("A"‘)'A‘ )

Denote ~A %) by Ay (thus "A7'=Xp=A) and [A R by o (and thus |A|=09=0). We first
note that oy41 <ox+M U,?” —i—ko,f for a fixed M. Thus oy gP(a,f“), and then, by an inductive
argument, we have o, <P(c™). For the second statement, we first compute an upper bound for
the code of the Cartesian power A” for a set A. Now we have "A%+17 SP([Treargsea 787 <
P(FAI”‘A' ~'—A—'|A|k), and thus "TA™ 7 < P('—A_”A'm) can be shown by induction on m. We also have

k

M1 < P('—AU‘)—‘-F(A<k))M7-’_(A<k))k—‘) for a fixed M. So, Ayt gP(/\,‘j’( ) and finally our desired
conclusion A, < P(A”(mﬂ)!) follows by induction.

Now since "A™T is a non-standard number, there must exist a non-standard j such that
j<10g4(’_A7). Thus 2(j+1)! gexpz(j) <10g2(’_A7). Now, by the inequality (2) above we can
write TAU TP ((FA7)|A|(/+I)!) <P ((ZZIOgFAj)(IOgFAj)UH)!) <P (exp((logFAj)z("H)!)), and so
TAVTLP (exp(w(logm AT))) <P (wa(TAT). [ ]

The reason that Theorem is stated for non-standard "A ™ is that the set A (% , needed for
constructing the model MT(A, p), is not definable in £4. But the existence of the definable AY) fora
non-standard j can guarantee the existence of A% and thus of 9%(A, p). This non-standard j exists
for non-standard " A . Finally, we formalize the notion of Herbrand consistency as follows.

DEFINITION 2.11

A theory T is called Herbrand consistent if for any set of terms A (constructed from the Skolem
terms of T') for which w;(" A™) exists, there is a T—evaluation on A.

This notion can be formalized in the language of arithmetic, denoted by HCon(T'). 3

REMARK 2.12

The above formalization of the notion of Herbrand consistency may seem unnatural, as one would like
to have a T—evaluation on any set of terms A. The requirement for the existence of w{ (" A™) is only
to assure the existence (availability) of all the evaluations on A. As it was noted before TheoremZ.10}
the size of an evaluation on a given set of terms A may be roughly bounded by wi("A™). o

3 Separating bounded arithmetical hierarchy

3.1 Separating by Herbrand consistency

Let us recall that the (usual) Hilbert Provability 7'+ ¢ is, by definition, the existence of a sequence
of formulas whose last element is (the Godel code of) ¢ and every other element is either a
logical axiom or an axiom of 7, or has been resulted from two previous elements by means of
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modus ponens. Thus, Hilbert consistency means the non-existence of such a sequence whose last
element is a contradiction. Let us note that Herbrand consistency is, in a sense, a weaker notion
of consistency; some more explanation is in order. The super-exponentiation function is defined
by the equation sup_exp(x) =exp*(x); let Sup_Exp be the sentence which expresses the totality
of this function (Sup_Exp=Vx3y[y =sup_exp(x)]). By the techniques of cut elimination (see e.g.
[EI]), the equivalence 1A+ Sup_Expk Con(T) <> HCon(T) can be shown for any theory 7. Though
the theory IAg+Exp it too weak to recognize this equivalence, since IAy+ExpHHCon(Q) but
1A +Expl/ACon(Q) ([ﬂ], Theorem 5.20 and Corollary 5.29). So, IAg+ExpHCon(7) — Con(T)
in general, though it can be shown that IAg+Exp Con(7) — HCon(T) (see [4]). Thus, showing the
unprovability of Herbrand consistency of weak theories in themselves is an interesting generalization
of Godel’s Second Incompleteness Theorem. We are interested here in the question as to whether the
notion of Herbrand consistency can I1{ —separate the hierarchy (2) above. We already know (only)
that TAo +Exp is not IT| —conservative over Ao+ /\ j, but we do not yet know if these two theories
can be I1;—separated by the Herbrand consistency of IAg+Exp. In other words, we do not know
whether IAg+Exp is able to derive the Herbrand consistency of the theory [Ag+ /\Qj.

CONJECTURE 3.1
The notion of Herbrand consistency cannot I1;—separate the (already IT{—distinct) theories
IAg+Exp and IAg+ A\ ;; that is IAg+Expt#HCon(IAg+ A ;). o

Though, for any m>1, Herbrand consistency can [1; —separate IAg + Exp from the theory IAg+ Qm,
and also from IA(. Since already [Ag+ Q2 # HCon(IAg+ Q) for any m>1 (see [EI, 1) and also
the following theorem hold.

THEOREM 3.2
For any m > 1 we have [Ag+Exp-HCon(IAg+ Q).

PrROOF. Reason inside a model M =1Aq+Exp. For any set of terms A € M, assume it has been
rearranged in a non-decreasing order A ={#g,t1,t,---,}. Then for some terms uy,u3,--,u; we have
11 <ol (to), ta < i (t1), -+ ,;,gw,'f{(rj_l). Let u=Y,u;; then t; <w () for each i<j. On the other
hand, w,’j1(to):expm([logm(to)]e"p(”))gexpm"’l(u~to); and since u<("A7)? and exp is available for
all elements, then every term in A has a realization inside M. Denote the realization of ¢; by tl-M.
Then the evaluation p defined on A by
(1) pl=te =1, if and only if £ =", and (2) p =1, <1, if and only if M <M,

is an (IAg+ Qm)—evaluation on A (note also that M =1Ag+R2m). Now the desired conclusion
M EHCon(IAy+ 22, follows from the classical fact that there exists a well-behaved truth definition

for bounded formulas which can be used in induction inside M. |
REMARK 3.3
The above proof also shows that IAg+ExpHHCon(IA¢) and indeed it is shown in [H] that IA(
does not prove HCon(IA(). Thus, HCon(—) can IT; —separate IAg+Exp and IA( as well. o
REMARK 3.4

A reason that the proof of the above theorem cannot be applied for showing the presumably
false deduction IAg+ExpHHCon(IAg+ /\Qj) in the conjecture, is that for the set of terms
E:{vo,v1,~--,v]~.} defined by vp=4 and v, =w;4+1(v;) for each i<j, we have ijexpf(4) (the
equality v; =exp’(4) follows by induction on i). Thus a model of IAy-+Exp can contain a big j, and
the set E above, for which exp/ (4) does not exist. So, some terms of E may not have a realization in
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the model; and a suitable evaluation could not be defined in it. Note that exp/ (4) is a super-exponential
term and cannot be obtained by applying a finite number of the exponential function. o

3.2 Unprovability of Herbrand consistency of 1Aq in 1Ao+ A\ Q;

Here, we show the unprovability of the Herbrand consistency of I1A¢ in IAg+ A €;. The proof is
by a technique of logarithmic shortening of bounded witnesses, introduced by Z. Adamowicz in [EI],
and also employed in [E, El]. The following is an outline of the proof. If IA¢+ /\ 2;-HCon(IA),
then there is an m >2 such that

(3) 1A+ S -HCon(IA¢).

From now on fix this m.We first show that one cannot always logarithmically shorten the witness of
a bounded formula inside 1A+ €2,,. Or in other words, for any cut (i.e. a definable initial segment)
like 7 and its logarithm J = {logx|x €1}, there exists a bounded formula n(x) such that the theory
(IAg+ 2m)+3Ixeln(x) is consistent, but the theory (IAg+ ;) +3Ixen(x) is not consistent; or in
other words we have [Ag+ Q2 FVxeJ—n(x) and 1Ag+ 2y £ Vxel—n(x). For a similar statement
on IAg+ 1 see Theorem 5.36 of [EI]. Second we show that, under the assumption (3) above, for any
bounded 6(x), if the theory (IAg+ €2,,) +3x€l6(x) is consistent, then so is (IAg+ 2,,) +3Ix€JO0(x).
This immediately contradicts (3). The first theorem is a classical result in the theory of bounded
arithmetic, which can be proved without using the assumption (3). The second theorem uses the
assumption (3) to be able to logarithmically shorten a witness o €1 A6(«) for the formula x el AB(x)
in a model M |=(IAg+ Q)+ 3x€lf(x) by constructing a model N = (1A + Q) +3IxeJO(x). And
for that we will use the assumption (3) to infer M =HCon(IA), which implies the existence of an
IAp—evaluation on any set of terms A for which w{(" A™) exists. That evaluation on a suitable A
will give us a model of IA(+3x€JO(x) (see Lemmal.g). Then by a trick of E] we will construct a
model for IAg+ 2,)+3xeJO0(x). The suitable set of terms A should contain a term for representing
« and all the polynomials (i.e. arithmetical terms) of «. Define the terms j’s by induction: 0=0, and
j+1=5(j). The term j represents the (standard or non-standard) number j. We require the inclusion

AD{jlj<wi(@)}=F.Thecodeof /- isbounded aboveby " < P (Hjjg“(")zi) <P (exp(r(@)?)).
And the value w>(" F ) is bounded above by

2" F <P (@a(exp(1 (@) <P (exp(@r (@1 (@) <P (exp? (400ga)* ) ).

Thus, by Theorem lC], for some non-standard j the (code of the) set A =F U) exists, and the value
o1(TAY=w("F ¥)7) is bounded above by

w1 (02("F ) <P (a)l (exp? (4(10ga)4))) <P (exp2 (8(10ga)4>) .

DEFINITION 3.5
Let the cut Z be defined by 7= {x | y[y = exp2 (8(loga)4) 1} and let 7 be the logarithm of its elements:

J =1{x|Iyly=exp® (8a*)1}. o
Note that Vx[exp(x)eZ <= x€ J]. The two mentioned theorems are the following.
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THEOREM 3.6
There exists a bounded formula n(x) such that the theory (IAg+ ;) +3x€Zn(x) is consistent, but
the theory (IAg+ €2,,)+3x€ T n(x) is not consistent.

THEOREM 3.7
If 1A+ 2, -HCon(IAg), then for any bounded formula 6(x), the consistency of the theory
(TAg+ 2m)+3Ix€ZO(x) implies the consistency of (IAg+2p)+3IxeT0(x).

Having proved the theorems below, we conclude our main result.

COROLLARY 3.8
For any meN, IAg+Q,, # HCon(I1Ag); thus IAg+ /\ Q;#HCon(IA).

We have already proved Theorem[3.@] which is an interesting theorem in its own right.

Proor (oF THEOREM[3.Al). The proof is rather long and we will sketch the main ideas, cf. the proof
of Theorem 5.36 in [EI]. We will follow [m] here. If the theorem does not hold, then for any bounded
formula 6(x), the consistency of the theory (IAg+ 2,)+3x€Z6(x) will imply the consistency of
(IAg+R2m)+3IxeT6(x). Now let ¥r(x) be a bounded formula such that (IAg+ 2,)+3IxeZY (x) is
consistent. Then (IAg+ 2,,)+3xe T ¥ (x) is consistent also. The formula Ixe T ¢ (x) is equivalent
to IyeZy'(y) where ¥/ (y) =3Ix<y(y=exp(x) A (x)) is clearly a bounded formula. So, the theory
(IAg+2m)+3yeZy’(y) is consistent, and by the assumption, the theory IAg+ 2,)+3IyeT v/ (y)
must be consistent too. Again Iye 7 y'(y) is equivalent to Iz ZIx<z(z=exp’(x) A¥(x)). Continuing
this way, we infer that the theory (IAg+ Q2m)+ EIueIElxgu(uzexpk (x)AY¥(x)) is consistent for any
natural keN. Let b be a constant symbol. By the above argument, the theory

(IA0+ Q)+ {Fzlz=expX (b) Ay (b)] [k eN)

is finitely consistent, and whence it is consistent. Thus there exists a model IC=1A¢ such that for
some elementbe K, K =3z[z= expk (b) A (b)] for any k eN. The initial segment M of K determined
by {aeK|FkeN:a<expX(b)} :expN(b) is a model of IAg+Exp for which M =(b). Thus the
theory (IAg+Exp)+3xyr(x) is consistent. Hence, if the theorem is not true, then for any bounded
formula 1 (x), if the theory (IAg+ 2;,)+3x€Z6(x) is consistent, then (IAg+Exp)+3xy (x) is also
consistent. Contrapositing this statement, we get: if for a I1{ —formula Vx6(x) (with bounded 6) we
have IAg+ExpkVx6(x), then we must also have IA g+ Q2. - VxeZ0(x). Since for any x€Z the value
exp3 (x) exists, and all finite applications of wy, are dominated by one use of exp, then

TAQ+ Q- VxeZo(x)

implies that
1A Vx[Ty(y =exp*(x)) = 6(x)].

All in all, from the falsity of the theorem we inferred that whenever
IA)+ExpkVx0(x)

for a bonded 6(x), then
1AoHVx[Fy(y =exp*(x)) = 6(x)].

Or in other words, four times application of Exp is enough to deduce all the I1; —theorems of the
theory IAg+Exp! And this contradicts Theorem 5.36 of [4f]. |
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The rest of the article will be dedicated to proving Theorem 371

DEFINITION 3.9
The inverse of w,, denoted by @, (x), is defined to be the smallest y such that the inequality w,(y) >x
holds. The cut J,, is the set {x|3y[y=exp?(z,_1(8x*))]}. o

Let us note that 7 CJ, CZ holds for any n> 1. Theorem 7] will be proved by the help of an
intermediate theorem.

THEOREM 3.10
If 1A+ FHCon(IAgp), then for any bounded formula 6(x), the consistency of the theory
(IAg+2p)+3IxeZ6(x) implies the consistency of (I1Ag+ 2p)+3Ix €Ty 0 (x).

Having proved this, Theorem Bl can be proved easily:

PROOF (OF THEOREM 3.7l FROM THEOREM[ZI0). Assume 1A+, FHCon(IAp). Let 6(x) be a
bounded formula such that (1A + £2,,) +3x€Z6(x) is consistent. Then by Theorem B.I0 the theory
(IAQ~+ 2m) +3Ix €T, 0(x) is consistent too. Let §’(y) be the bounded formula

0’ (y)=Ir <y[8x* <wm_1(8(logy)H AO(X)];

then 3xe€J,,0(x) is equivalent to Iy Z0’(y). Now, since (IAg + ) +3Iy €O’ (y) is consistent, again
by Theorem[B.IQ)] the theory (IA(+ Q2,)+ 3y €T’ (v) must be consistent. Now we note that

(Y ETm)AI8x* <wm—1(8(logyyH] = (xeT)

holds for non-standard x and y, because a),zn_l (8[10gy]4) < 8y4. So, IAg+ 2m)+3Ix€ T O0(x) must be
consistent too. | |

For proving Theorem B.10] we assume that for the bounded formula 6(x) there exists a model M
such that
(4) MEAA)+Qm)+(aelnb(a))

holds for some non-standard o € M. We will construct another model
N EAA)+ Q) +Ix€T b (x).

Define the terms j’s by induction: 0=0, and j+1=s(j). The term j represents the (standard or non-
standard) number j. Let q be the Skolem function symbol for the formula Iy(y <x> Ay=x?) and ¢
be the Skolem constant symbol for the sentence 3x (Eiw(w <2 Aw=x2) AVV(v L (5x)2 AV =+ (5x)2)) ,
and let Y ={0,04-0,0%, ¢, ¢2, 2 +0, sc, qc,(sc)z, (s¢)2 40} (see Example 224). Define the terms z;’s
inductively: zp =2, and z; | =q(Z;). Since we have q(x) =x2 in IAg—evaluations (by Example 2.4),
then z; will represent expz(i) (by induction on 7). Take A=TU{j|j<w1(a)}U{z;|j< 8a*}; then
wy(" A7) is of order exp2 (4(loga)4) which exists by the assumption M E=ae€Z (see (4) above).
Whence, for some non-standard j the set AY) exists (in M), and moreover the value w;("A " 7)
exists because by (the proof of) Theorem ZI0] w1 ("A Y ) < wy (exp? (4(loga)*)) < exp? (8(logar)*),
and a €Z. Since by the assumptions (3) and (4) we have M E=HCon(IA), then there must exist an
IA¢—evaluation pe M on this AY). Now, we can build the model K :=Mt(A,p).

LeEmMA 3.11
With the above assumptions, K =60(«/p).
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After proving this lemma, we can finish the proof of Theorem [3.10)}

PrOOF (OF THEOREM B.TQIFRoM LEMMA B.1T]). By Lemma 28] we already have K |=1A(, and by
LemmaBT1l K =0(a/p). Also g/pej’C by the existence of z;/p’s (K |228a4/p:exp2(8[g/p]4)).
Whence KE=a/peJ A0(a/p). By Lemma there exists some (non-standard) element Se/C
such that the inequalities a)ﬁ(ﬂ)<28a4 /p<@m+1(B) hold. Now, let N be the initial segment
of K determined by wly(f), i.e. N={xeK|IkeN:x<wk (8)}. Then, for this model N we have
that N =(IAg+Qm)+0(a/p), and all we have to show is that N |=a/p€Ty,. First note that
BeN, and second that exp2(8[g/p]4)<a)m+1(,3) implies 8[ae/p]* <a)m,1(2log2ﬂ), and so we have
Wm—1 (8[g/p]4)§210g2ﬂ. Thus expz(wm_l(S[g/p]“)) exists (Swi(B)), and so [a/p] €Ty, holds.
|

Finally, it remains (only) to prove Lemma[B.11] This is exactly Corollary 35 of [ﬂ]; and the reader
is invited to consult it for more details. Here a sketch of the proof, for the sake of self-containedness,
is presented.

ProOF ( oF LEMMA B.TT]- A SKETCH.). Since 0(x)€ Ag and M =60(«), we note that the range of the
quantifiers of 6(«) is the set {xe M |x<t(«) for some Lg—term t}. This set is the initial segment of
M determined by ; denote it by M’. We have M’ =60 («r). For any jea™ we have the corresponding
JEA, and thus j/pe K. So, this suggests a correspondence between o and the initial segment of /C

determined by (¢/ p)N which we denote it by K'. It suffices to show that this correspondence exists
and is an isomorphism between M’ and K’. Because, then we will have X’ =0(a/p) which will
immediately imply K =60(a/p); our desired conclusion.

We first note that M’ ={t(iy,...,in)|i1,...,in <o & t is an L4—term}. This follows from a more
general fact:

(5) If for some model A =1Aq and x,ay,...,a, €A we have A =x<1(ay,...,a,) for an L, —term ¢,
then there are some by, ...,b; €2 and some L4 —term s such that A =x=s(bq,...,b;;); moreover
maxb; <maxa.

This can be proved by induction on the complexity of ¢. For t =#] +1;, distinguish two cases: (i) if
A E=x<1t(a), where @ is a shorthand for (ay,...,a,), then we are done by the induction hypothesis;
(1) if A=11(@)<x then there exists some ye®l such that A=[x=1(a)+y]A[y<tr(a)], and the
result follows from the induction hypothesis. For t =1 - t», there are some g, r €2 for which we have
AE=[x=t1(@)-g+rInlr<ti(@]n[lg<t(a)]. Two uses of induction hypothesis (for the terms #; and
t2) will finish the proof.

Second, we note that K [=IA( by Lemma P8 and so K’ =1Aq, whence by (5) above we can
write K/ ={t(uy,...,up)|uy,...,un<a/p & t is an La—term}. And it can be proved by induction on
j that if X' =u<j/p (or equivalently M = ‘p=u <) there there exists an [ <j (in M) such that
K'l=u=1/p (or ezluivalently M = ‘pE=u=0). Whence, we can present K’ as

K'={tGi1/p.....in/P) i1, ....in <o & t is an Ly—term}.

Thus a correspondence by 1(if,...,in) > 1(i1/p, ..., in/p) exists between the two IAg— models M’
and K'. That this mapping preserves atomic formulas of the form u=v for terms u,v follows from
the axioms of Q (the inductive definitions of addition and multiplication). It also preserves atomic
formulas of the form u < v because we have in Q that u <v<>w+u=v for some w<v. The preservation
of negated atomic formulas follows from the IAg—derivable equivalences x #y<>sy <xVsx <y, and
x Ly<>sy<x. Thus the above mapping is an isomorphism. ]
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4 Conclusions

We saw one example of the provability of Herbrand consistency of a theory S in a (super-)theory
(of it) T (Theorem for S=1A¢+Qn, T =1Ag+Exp) and one example of the unprovability of
Herbrand consistency of S in T (CorollaryB8lfor S =1Ag, T=1A¢+ /\ ;). The main point common
in both of the results was that, if every Skolem term of S has an evaluation in 7', then 7 may prove
the Herbrand consistency of §; but if there are some Skolem terms of S which grow too fast for
T to catch them, then T could not be able to derive the Herbrand consistency of S. This is not a
general law, but a rule of thumb. Note that in our proof of Corollary B8] the terms z; had the code of
order exp(i) but the value of expz(i). And the theory IAg+ A Q;j cannot catch the value of expz(i) by
having the code exp(i); the gap is of exponential order. And in our proof of Theorem[B.2] the theory
IA¢+Exp could evaluate all the Skolem terms of IAy+ 2. A very similar argument can show that
IAo+Sup_ExpHHCon(IAp+Exp). An open question, asked by L. A. Kotodziejczyk, is whether
showing the unprovability of Herbrand consistency is possible without making use of fast-growing
terms. More explicitly, if bounded formulas are required to have only variables in their bounds, and
the re-axiomatization of IAg by the induction scheme Vy(@(O)/\Vx <y[B(x)—0(sx)] > Vx< y0(x))
is taken into account, then is it possible to show the unprovability of the Herbrand consistency of
(this axiomatization of) IA( in itself? Note that here having terms like z;’s with double exponential
values could not be possible.

The proof of our main result (Corollary B.8) is very similar to the proof of the main result of
[ﬂ]—the unprovability IAg l#HCon(IAg). A major difference was the technique of Theorem B.10I
for constructing a model of 1A+ €2, from a model of 1A, for which Lemma 2.6] was used. The
idea of this technique is taken from [E]; note that the proof of our Theorem[3.6lis different from the
proof of the corresponding theorem in ﬁ], in that we had fixed one m and (instead) followed the
lines of the corresponding proof in [El]. That way we did not need to show the theorem for the theory
1A+ A Q;, and instead a simplified proof of the theorem for IAg+ 2, in [EI] would suffice for us.
Let us note that the corresponding theorem in [E] is somehow stronger: 1Ag + A\ 22 # HCon(S+ 1)
has been shown for a finite fragment S CIA(. The question of generalizing this result, as follows,
was asked by the referee.

CONJECTURE 4.1
There exists a finite fragment S CTA( such that TAg+ /\ Q;#HCon(S). o

Let us finish the article by repeating the open question asked also in [Iﬁl], which is whether Godel’s
Second Incompleteness Theorem for the Herbrand consistency predicate has a uniform proof for
theories containing Robinson’s Arithmetic Q.

QUESTION 4.2
Can a Book proof (in the words of Paul Erdos) of T/ H€on(T') be given uniformly for any theory
T ©Q and a canonical definition of Herbrand consistency H€on? o
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