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From the introduction: “The main aim of this paper is to study generic properties of
finitely presented monoids and semigroups and hence to understand the generic-case
complexity of uniform decision problems for monoids and semigroups. Our main results
show that, with respect to a number of very natural stratifications, the generic finite
monoid presentation (over a given alphabet and with a given number of generators) sat-
isfies small overlap conditions. Small overlap conditions are natural semigroup-theoretic
analogues of the small cancellation conditions extensively used by combinatorial group
theorists, and so, our main result can be viewed as loosely analogous (although our
objectives and hence our formalism are rather different) to the well-known fact, first
asserted by M. Gromov [in Essays in group theory, 75–263, Math. Sci. Res. Inst.
Publ., 8, Springer, New York, 1987; MR0919829 (89e:20070)] and proved in detail by
A. Yu. Ol′shanskii [Internat. J. Algebra Comput. 2 (1992), no. 1, 1–17; MR1167524
(93j:20068)], that the generic finitely presented group is word hyperbolic.

“These results immediately tell us a great deal about the algebraic structure of
the generic finitely presented monoid. For example, we learn that it is J-trivial (that
is, every element generates a distinct principal ideal) and hence torsion-free with no
nontrivial subgroups. Even more important, by recent results of the author, the uniform
word problem for such presentations is solvable in (worst-case RAM) time linear in
the word lengths and quadratic in the presentation size. Since it can be checked in
(worst-case RAM) polynomial time whether a presentation satisfies a small overlap
condition, it follows that the uniform word problem for finitely presented monoids is
generically solvable in polynomial time (in the RAM model, linear in the word lengths
and quadratic in the presentation size). All of these results apply equally to semigroups
without identity elements.

“An additional objective of this article is to provide a relatively gentle exposition of
generic sets, generic properties and generic-case complexity, in a form fully intelligible
to the reader without a specialist algebraic background. Monoid presentations are
combinatorially simpler objects than group presentations; the relatively straightforward
combinatorial nature of many of our proofs should allow them to double as detailed
worked examples to give the reader a feel for generic-case complexity.” Saeed Salehi
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