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One of the most important open problems in the theory of tree automata and tree languages is the
decidability of first order definable tree languages (over the signature of label predicates and the
ascendency relation). LetFO[<] be this family of first order definable tree languages. In the paper
under review the authors claim to have found a characterization ofFO[<] by some algebraic struc-
tures, called preclones. This was announced earlier in their conference paper [Z.Ésik and P. Weil,
in FST TCS 2003: Foundations of software technology and theoretical computer science, 195–
207, Lecture Notes in Comput. Sci., 2914, Springer, Berlin, 2003;MR2093649 (2005e:68168)].
The present paper provides the background for its sequel [“Algebraic characterization of logically
defined tree languages”, in preparation] by the same authors. The authors note, however, that it is
not clear at the moment if this algebraic characterization may lead to a decidability algorithm for
FO[<]; in other words, the aforementioned problem remains open.

A preclone is a many-sorted algebraic structure whose set of sorts isN, the set of non-negative
integers. An element of sortn can be combined with somen elements of arbitrary sorts, say
of sortsm1, . . . ,mn, and result in an element of sort

∑i=n
i=1 mi. The signature of preclones also

contains a constant symbol for the identity element of sort1. A prominent example of a preclone is
the set of transformations of a fixed setA; elements ofA are elements of the preclone of sort0, and
for m > 0, m-ary transformationsAm →A are the elements of sortm. Note that the composition
operation acts as if no variable appears more than once in any of these transformations: we cannot
have a transformation, for example, of the formx 7→ f(x, x). This is the main difference of a
preclone from a clone (where transformations are freely composed with each other).

For this restriction, the authors consider trees in a rather peculiar formalism: for a ranked alphabet
Σ and a leaf alphabetX, which is taken to be{x1, . . . , xm} in the paper, trees are terms in which any
xi appears exactly once—moreover, in the orderx1 . . . xm from left to right. In the first author’s
earlier paper [Publ. Math. Debrecen54 (1999), suppl., 711–762;MR1709922 (2000h:68115)],
where clones were studied for characterizing families of tree languages, it was claimed thatFO[<
] is closed under those inverse morphisms in which no variable occurs twice. So, in that setting,
FO[<] is not a variety (to be defined by clones). In the present paper, this subfamily ofFO[<] (in
which no leaf variable appears twice) is a variety of tree languages definable by preclones.

Syntactic preclones (similarly, syntactic clones) of tree languages have more expressive power
than their syntactic algebras, or monoids, since the elements of sort0 of the syntactic preclone of
a tree language constitute its syntactic algebra, and the set of elements of sort1 is its syntactic
monoid. No clear comparison of the present algebraic formalism with the other frameworks
(algebras, monoids, etc.) is given yet.

Pseudovarieties of preclones and varieties of tree languages are defined to be special classes
closed under certain closure properties, and a variety theorem for these classes is proved in the
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paper (Theorem 5.1). Also some families of tree languages are characterized by preclones, which
include
(1) FO-definable tree languages, studied in [M. A. Benedikt and L. Segoufin, inSTACS 2005,

327–339, Lecture Notes in Comput. Sci., 3404, Springer, Berlin, 2005;MR2151629
(2006b:03046)],

(2) TL(EF), TL(EX), TL(EF+EX) studied in [M. Bojánczyk and I. Walukiewicz, inCONCUR
2004—concurrency theory, 131–145, Lecture Notes in Comput. Sci., 3170, Springer, Berlin,
2004], and

(3) FO[<] (announced without detailed proof in [Z.Ésik and P. Weil, op. cit., 2003]).
Here one wonders if the characterizations (1) and (2) above could have been presented in the

clone framework; or if there is a reason for preferring preclones to clones in these cases.
The paper is well written, technically demanding, and rather self-contained; the only place where

the reader needs to see the references (which are listed in (1) and (2) above) is SubSection 5.2.
Some minor typos I noticed are: In Example 2.7 it seems thattrue1 is also needed for generating
Tpath; Tl in line−11 on page 298 should beSl; andΣ′Mk in line−11 on page 305 should beΣMk.

Reviewed bySaeed Salehi
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