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e
Glav To Be Back

My Last Talk in Logic Colloquium:

2001, Vienna, Austria
“Unprovability of Herbrand Consistency in Weak Arithmetics”

LC 2000, Paris, France — “A Generalized Realizability for Constructive Arithmetics”

LC’ 1999, Utrecht, Holland — “Intuitionistic Axiomatization of End-Extension Kripke Models”
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e
Bounven Quantiticrs

t

S

e All 3z are in the form dz
e All Yy are in the form Vy

NN

t,s are --- terms

Bounded Formula: all quantifiers are bounded.

» Relations definable by bounded formulas are
e Decidable
e Primitive Recursive
e Recognizable in Linear Space [LinSpace = Space € O(n)]
e Recognizable in the Linear Time Hierarchy
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Peano Areithmetic

Robinson’s Arithmetic Q:

*S(z) =S(y) =z =y S(z) #0

ex+0=12 ez +S(y)=S(z+y)
ez-0=0 ez -Sy)=(z-y)+=z
er <y < Fz(z+x=y) ez # 0= Jylx = S(y)]

Plus the Induction Axioms:

p(0) AVzlp(z) = ¢(S(2)] = Yye(y)
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e
Boumven reithmetic

Definition
Q@ + Induction Axiom for Bounded Formulas = 1A

Theorem ( R.J. Parikh 1971 )

A = VZ3y n(T,y) & n e Ay = 1A¢ - VT Jy < L(T) n(T,y)
t—term

Provably Recursive Functions of 1A are Polynomially Bounded
IAg - VZ3y n(T,y) = 1Ag F VZ Iy < t(ZT)n(Z,y)
——"

Ag Ag
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s
Whp Bounved Qeithmetic ?

z|ly=3z(z-z=1y) Prime(z) =Vyly |z =y=1Vy=1x)

PA=Peano Arithmetic PA + Va3y <y >x A Prime(y))
Open Problem: IAg F VzIy (y >z A Prime(y))
Exp = Va3y[y = 27] “y=2T7" e Ay
EA = 1Ay + Exp EA - Vady <y > A Prime(y))

Elementary Arithmetic
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e
More Bommwed Arithmetic

Definition
wo(as) = z? __ ologz-logx log =
| e = et e ’
wm(z) = exp™([log™z]?)  f(x)= f...f(2)
—
m—times

polynomial(z) < wi(z) € wa(z) <€ -+ - K27
Definition
Q= VzIyly = wp ()] “y=uwn(r)” € Ao

IAg ; 1A + Oy ; 1Ag + Q9 ; ; IADJF/\ij; 1A + Exp
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e
Unprovabilty of Consistency

Con(T) = “Tisconsistent 7 =Vz-Proofy(z,"0=1") €Il;
Ap

Godel’'s Second Incompleteness Theorem

PA / Con(PA) ZFC - Con(PA)
IAO |7[ COTI(IA()) PA + COIl(IAo)
But IAg + Exp I/ Con(1Ag)! How IAq + Exp 2™ TA(?

Open Problem: IT; —Separating the Hierarchy {IAq + Q,,}m
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e
Herbeand Consistency 1

» Skolemizing: Jy ~~ eliminate 3 & [f(Z) <~ y]  f new symbol
T all the universal variables before y
then eliminating the remaining V quantifiers

Examples:

o Yoy o(z,y) —%— o(z,f(z))
o Iyvuz o(y,u,z) —F— o (¢, u, f(u))

» Tis Consistent — T is Consistent
First-Order e~ Propositional
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Herbeand Consistency 2

Definition
Herbrand Consistency of T = Propositional Satisfiability of
every finite set of (Skolem) instances of T

IAg + SupExp - HCon(T) +— Con(T)
IAg + Exp t/ HCon(T) <— Con(T)

1Ay 4+ Exp - HCon(1Ay)
Presumably ... IAq I HCon(1A)
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e
Unprovabilty of Hecbeand Consistency 1

Theorem ( Z. Adamowicz 2001,2002 )
IAg 4+ Qp FF HCon(IAg + Q4 ) for m > 2.

Theorem ( S. Salehi 2002 )
1A + O F HCOH(IAQ = Ql).

Theorem ( D.E. Willard 2002 ')
1A HCon(1Ap + o). Qo = VzIy[y = 22|

Theorem ( L.A. Kofodziejczyk 2006 )
U, TAg + Q) 1 HCon(IAg + Q) for m > 1.
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e
Unprovabilty of Hecbrand Consistency 2

Theorem ( Z. Adamowicz 1996 )
1Ay + Q1 t/ TableauCon(I1Ag + Q).

Theorem ( S. Salehi 2002 )
U |71'HCOI1(U) U < HQ(IAO)

Theorem ( D.E. Willard 2002 ')
1A t/ TableauCon(1Ay). V I HCon (V') for some V €113 (IA).

Theorem ( L.A. Kolodziejczyk 2006 )
1A + /\j Qj b{ HCO“(T). T Chnite 1A + 1
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e
Di,—Separation ?

» So, IA( + Exp is NOT II; —conservative over 1A
and HCon can II; —separate them.

» IA + Exp is NOT II; —conservative over even 1A, + /\j Q;
but can HCon I1; —separate them?

» However, HCon cannot IT; —separate 1A, + A; €2; from I1A!
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e
Wieln Results 1

Theorem ( S. Salehi 2010+ )
1A |7( HCOTI(IA()).

Theorem ( S. Salehi 2010+ )
(IAg + A\; ©5) i HCon(1Ao).
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e
Wien Results 2

Theorem ( S. Salehi 2011+ )
IA I HCon(S). S Chinite [A0

Corollary IAg f HCon(U), for some U € II;(IA).

Theorem ( S. Salehi 2011+ )
1A + A\; Q; I HCon(S). S Chinite A0

Corollary IAg + A\, Qj i HCon(U), for some U € I1;(IAo).

Saeed Salehi htt T ey i
On Herbrand Consistency of Bounded Arithmetics Logic Colloquium 2011 (15/16)



On Herbrand Consistency of Bounded Arithmetics Logic Colloquium 2011 (16/16)

e
Thank Nou!

Thanks to

The Participants ................... For Listening...

and

The Organizers ... For Taking Care of Everything...
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