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Bounded Induction

Bounded Induction

e Bounded Formula
e Bounded Arithmetic
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Bounded Induction

Bounded Formulae

Fanauage of Qrithmetic

L EA - <0317+)'5<>
b [’A = <0,S,+,',S>

S(z)=xz+1|2<y < z<yVa=y
1 =S5(0) r<y <= r<yhz#y

Terms < Polynomials
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Bounded Induction

Bounven Quantiticrs

e All 3z are in the form dz < ¢
e All Yy are in the form Vy < s

t,s are --- terms

Bounded Formula: all quantifiers are bounded.

» Relations definable by bounded formulas are
e Decidable
e Primitive Recursive
e Recognizable in Linear Space [LinSpace = Space € O(n)]
e Recognizable in the Linear Time Hierarchy
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Bounded Arithmetic

Peano Areithmetic

Robinson’s Arithmetic Q:
eS(z)=S(y)=z=y
erx+0=2x

oex-0=0

o<y < Fz(z+z=y)

Plus the Induction Axioms:

p(0) AVzlp(z) = ¢(S(2)] = Yye(y)
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Bounded Induction

Bowrded Fnduction

Definition
Q@ + Induction Axiom for Bounded Formulas = 1A

Theorem ( R.J. Parikh 1971 )

A FVZ3y n(Z,y) & n e Ay = 1Ag - VT Jy < (%) n(z,y)
t—term

Provably Recursive Functions of 1A are Polynomially Bounded
1Ay - VZ3y n(T,y) = 1Ag F VZ Iy < t(Z)n(z,y)
——"

Ag Ag
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Bounded Induction

Whp Bommoeo Avithmetic ?

z|ly=3z(z-z=1y) Prime(z) =Vyly |z =y=1Vy=1x)

PA=Peano Arithmetic PA + Va3y <y >x A Prime(y))
Open Problem: IAg F VzIy (y >z A Prime(y))
Exp = Va3y[y = 27] “y=2T7" e Ay
EA = 1Ay + Exp EA - Vady <y > A Prime(y))

Elementary Arithmetic
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Bounded Induction

More Bounved Qeithmetic

Definition

2

wolz) = ,

{ W (+1)($) — 9wn(logz) wi(x) = glogzloge , gloge
n

polynomial(z) < wi(z) <€ wa(zr) < - K27

Definition
O = Vayly = wm(z)] “y=wm(z)” € Ao

1A ; IAg + - 1A + Q9 ; ; 1Ay + Exp
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Godel's 2nd Incompleteness Theorem

Godel’s 2nd Incompleteness Theorem

e II;—Separation
e Herbrand Consistency
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Godel's 2nd Incompleteness Theorem

Unprovabilty of Consistency

Con(T) = “Tisconsistent 7 =Vz-Proofy(z,"0=1") €Il;
Ap

Godel’'s Second Incompleteness Theorem

PA / Con(PA) ZFC - Con(PA)
IAO |7[ COTI(IA()) PA + COIl(IAo)
But IAg + Exp I/ Con(1Ag)! How IAq + Exp 2™ TA(?

Open Problem: IT; —Separating the Hierarchy {IAq + Q,,}m
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Godel's 2nd Incompleteness Theorem

Heebeand Consistency 1

» Skolemizing: Jy ~~ eliminate 3 & [f(Z) <~ y]  f new symbol
T all the universal variables before y
then eliminating the remaining V quantifiers

Examples:
e Vadyo(z,y) —F— oz, §(x))
o IyVudzp(y, u, z) —— p(c,u,f(u))

» Tis Consistent — T is Consistent
First-Order e~ Propositional
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Godel's 2nd Incompleteness Theorem

Herbrand Consistency

Herbeand Consistency 2

Definition
Herbrand Consistency of T = Propositional Satisfiability of
every finite set of (Skolem) instances of T

IAo + SupExp = HCon(T) <— Con(T)
IAg t/ HCon(T) <— Con(T)

1Ay 4+ Exp - HCon(I1Ay)
After 20 Years ... IAg I/ HCon(IAg)
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Godel's 2nd Incompleteness Theorem

Herbrand Consistency

Fogarithmic Witnesses 1

Definition
log"y = log - - - logy (n—times) LoG" = {z | Jy[z = log" y]}

Theorem ( Z. Adamowicz 2002 ')

1 If 0 € Ay & m > 2, then the Consistency of
HCony_2(1A¢ + Q) + (1A¢ + Q) + ITLOG™H0(T)
implies the Consistency of ~ (IAg + Q) + I7€LOG™20(7)

where HCon,,_o is HCon restricted to the cut LOG™ 2.
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Godel's 2nd Incompleteness Theorem

Fogarithmic Witnesses 2

Theorem ( Z. Adamowicz 2002 )

2 For any m,n > 0 there exists a n(z) € Ag such that
(IAp + Qm) + Jzr € LOG™ n(x) is Consistent, but
(IAg + Q) + Jz € LOG™ ™ 5(x) is NOT Consistent

When #HCon is Present
one can Shrink any LOG™ —witness logarithmically
But not always (when #HCon is not present).
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Godel's 2nd Incompleteness Theorem

Two Theorems Again

Theorem ( Z. Adamowicz 2002 )
1 If 0 € Ay & m > 2, then the Consistency of
HCony_o(IAg 4 Q) + (1A + Q) + IT€LOG™T14(7)
implies the Consistency of  (IAg + Q) + I7€LOG™20(T)

Theorem ( Z. Adamowicz 2002 )

2 For any m,n > 0 there exists a n(z) € Ag such that
(IAg + Q) + 3z € LOG™ n(x) is Consistent, but
(IAg + Q) + Jz € LOG™ ™ 5(x) is NOT Consistent
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Godel's 2nd Incompleteness Theorem

Proof of Unprobabilty

Thus (n = m + 1) A + Ot HComp_o(IAg + Q) for m > 2:

Proof.

by 2, 31 s.t. (@ CoN ((mo 4 Q) + Jze Log™ 77(3;))
but (b) —CoN ((mo + Q) + Jz e Log™+? n(aj))
If HConpy—2(IAg + Q) + (IAg + Q) = TA¢ + ),

then (a)+1 imply CoN ((IAO + Q) + Iz € Log™ T2 n(w))
contradiction with (b). O
In Particular IAg + Qo FF HCon(IAg + Q2)
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Godel's 2nd Incompleteness Theorem

Fogarithmic Witnesses in 1A +

Not Good for IT; —Separating:

Theorem ( L.A. Kolodziejczyk 2006 )
Un(IAO -+ Qn) |7[ HCOTI(IAO aF Qm) form > 2

Theorem ( S. Salehi 2002 )

1’ The Consistency of the theory
HCon(IAg + 1) + (1A + 1) + HEGLOG29(E)
implies the Consistency of (IAg + Q) + 3T €L0OG30(T)

Corollary IAg + Q1 HCon(IA + Q1)

Saeed Salehi
Herbrand Consistency of IAg and IAg 421 Log.App.2010, 17—20 Feb. Greifswald



Herbrand Consistency of IA and IA g+ Q1 Log.App.2010, 17—20 Feb. Greifswald
New Results

New Results

¢ Pseudo-Logarithmic Cuts
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New Results

Fogavithmic PWitnesses in 1A

Definition
T :={z | yly = 2*1@]} J={z | yly = 22964]}
W) = wn (27) =2t 2t g2

el <= rxeJ <4 J=logZ
Theorem ( S. Salehi 2010 )

e The Consistency of the theory
HCon(IAg + Q) + 1Ag + FTT € Z0(T)
implies the Consistency of Ay + Jz€ T0(T)

recall Qy = ‘v’xEIy(y =z x) !
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New Results

g[nﬁmf IAQ

Theorem ( S. Salehi 2010 )

2’ There Exists a n(z) € Ag such that
IAg + Jz €Z n(x) is Consistent, but
IAg + Jz € J n(z) is NOT Consistent

Corollary IAg = TAg + Qo I HCon(IAy + Qo)
Qo = VYa3yly = wo(z) = 27 0% & f(x) = 22
@) =(...((e®»)) "2 =a-a-a...q=a*"
2™ —times
l‘fn(2)1 ~ oM fn(2) — 22"
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Farewell

Farewell

e Open Problems
e References
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Farewell

Future Warks ?

Conjecture
1 Un(IAO aF Qn) |71 HCOH(IAO -+ Ql)
2 U, TAg + Q) I HCon(IAg + )

Problems
1 U,,(IAg + Q) i HCon(IAg) for a good definition of HCon

2 Proving GST Tt/ HCon(T) nicely and neatly
for every T O ()—Robinson’s Arithmetic
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Farewell
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Farewell

Thank Nou!

Thanks to

The Participants ................... For Listening...

The Organizers ... .For Taking Care of Everything...
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