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THE BOOK OF ALGEBRA AND ALMUCABOLA 1

equal to 6 units. I take one-half of the roots and T multiply the half by
itself. T add the product to 6,and of this sum I take the root. The re-
‘mainder obtained ater subtracting one-half of the roots will designate the
first number of girls, and this i two.

Fifieenth Problem
T 1
remainder, wuqmulwuum,mm-mu,w
Explanation. Since one-third of the remainder is equal to four roots,
lm!.hllllnmubldullulfwﬂltquﬂnmb. ‘Therefore add this
wv.\uw.ﬁvhuamm This (16) is the oot of the square.

Sisteenth Problem
From a square T subtract three of its roots and multiply the remainder
by itself; the sum total of this multiplication equals the square
Explanation. It is evident that the remainder is equal to the root,
which amounts to four. The square is 16.
‘These now are the sixteen problems which are seen to arise from the
former ones, as we have explained. ~Hence by means of those things which
Bave beea st orth you will casly cary through any mlplcation tat
you may wish to attempt in accordance with the art of restoration and
opposition.

CHAPTER ON MERCANTILE TRANSACTIONS®

Mercantile transactions and all things pertaining thereto involve two
ideas and four numbers.* Of these numbers the first is called by the Arabs
Almuzahar and is the first one proposed. The second is called Alszian, and
recognized assecond by means of the first. The third, Almuhen, is unknown.
The fourth, Alchemon, Further,
these four numbers are 5o related that the first of them, the measure, is
inversely to the last, which is cost. Morcover, three of these
numbers are always given or known and the fourth is unknown, and this.

* Rosen, p.66; Lib p. 96, 4 s* = 43) = 4.
e R T e e T
4 V=53, preceden. :..-um-u-a.--u.o.—.

sres

Wil 0 B, 470,20, 141143

¢ The two ideas sppear
h
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Coding Mathematics

Example from Al-Khwarizmi: If from a square, I subtract four of its
roots and then take one-third of the remainder, finding this equal to
four of the roots, the square will be 256.

Modern Notation: If T have %(x2 — 4x) = 4x, then X% = 256.
More Modern: VX[;(XZ —4x) = 4x — x? = 256].
This holds in the domain N—{0} = {1,2,3,--- } (but not in N).

Indeed, N |= Vx[;(x2 —4x) =4x — x =16V x = 0].
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First—Order Logic (SYNTAX)

Fix a set of primitive constant, function, or relation symbols.
For example, constants 0, 1; the functions —, +, -; the relation <.

Terms are constructed from variables and constants by
successive application of function symbols.

Examples: 0+x, 1-(x+Y), (x-x)+y, algebraic expressions.
Atomic Formulas are relations (including =) between terms.
Examples: t=u or t<u or t<u.

Formulas are either atomic or the negation (—), disjunction (V),
conjunction (A), implication (—) or quantification (V, 3) of
other formulas.

Examples: Vx3dy[x =2y Vv x =2y + 1], IxVy[x +y =y],
VXX +u<x], Yyly-u=u], Vz[z-u< 2], 3z[z+ x = y].
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Structures

A non-empty set with some functions (maybe also constants)

and relations. A = (sf; f{, -+ fh tf, - oh).

—if f; is a constant, then f#* € d;
— if ; is of arity k(>0), then f/': st — sl
—if ry is of arity k(>0), then t5 C stk
Example
» Ordered Groups: (G; *,e,7, <) — (G; e% 2/C & <O)
VX, Y, Z(X<Yy — X*Z<Yy*Z N ZxX<ZxYy)
» Fields: (Q;0,1,—,+,-,7)
J0)=0  Vx(x£0 — x-/(x)=1)  x-0-0+414£0-/(0)

| MODEL THEORY |
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Satisfaction in Structures

Question: Is 9x(3x + 1 =2y) true in N? ((N; 0,1, +, -, <))
Answer: It depends on y:

fore.g. y=1itis false! but for e.g. y=2t s true.
Also, (N;0,1,+,-, <) ¥ Vy3x(3x + 1 = 2y);
but (N;0,1,+,-, <) FJyax(3x +1=2y).

Examples:

» NEVYX3Iy(x+y =0) but Z = vx3y(x +y = 0).

> ZEYXxIy(x#£0—[x-y=1]) but Q = VxIy(x#0—[x-y=1]).
> QFEYXIY(0<Xx—[y-y=x])butR = ¥xIy(0<x—[y-y=x]).
> REVX3Iy(y-y+x=0) but C = Vx3y(y-y+x=0).
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Axiomatizing (Propositional and) Predicate Logic

Theorem (Godel’s Completeness Theorem 1929)
From An Axiomatization of (Logically) Valid Formulas:

a— (B — a) o (78— —a)— (a—p)

[ = (B = 7)] = [(a = B) = (= )]

Vxo(Xx) — o(t) e © — Vxyp [x is not free in p]
Vx(e = ) = (YXp — VX))

With the Modus Ponens Rule: o W

All Universally Valid Formulas CAN BE PROVED/GENERATED. W

| PROOF THEORY |
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(Soundness and) Strong Completeness

| Semantic | Definition |
AFE p(Xx) | depends on values of free X
AEY definite; when 4 is a sentence

AEYX A E v forevery v ex
YEq AFforevery AEX
| Syntactic | Definition |
| Thy | 1 is proved from X |

Soundness If X 1, then X F .
Completeness If X E 4, then X .
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A Consequence of the Completeness

Definition (Computably Enumerable Set)

Set A is computably enumerable where there is an (input-free)
algorithm P lists all members of A; i.e., A = output(P). o

- output:
Algorithm | —— {ap, a1, az,--- } = A

Algorithm: input—free, outputs a set.

input—free such as operating system

Tautologies (= Theorems) of the Predicate Logic is
COMPUTABLY ENUMERABLE (GODEL 1929).
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