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Coding Mathematics

Example from Al-Khwarizmi: If from a square, I subtract four of its
roots and then take one-third of the remainder, finding this equal to
four of the roots, the square will be 256.

Modern Notation: If I have
1
3
(x2 − 4x) = 4x , then x2 = 256.

More Modern: ∀x [
1
3
(x2 − 4x) = 4x −→ x2 = 256].

This holds in the domain N−{0} = {1,2,3, · · · } (but not in N).

Indeed, N |= ∀x [
1
3
(x2 − 4x) = 4x −→ x = 16 ∨ x = 0].
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First–Order Logic (SYNTAX)

Fix a set of primitive constant, function, or relation symbols.
For example, constants 0, 1; the functions −,+, ·; the relation <.

Terms are constructed from variables and constants by
successive application of function symbols.

Examples: 0+ x , 1 · (x + y), (x · x)+ y , algebraic expressions.
Atomic Formulas are relations (including =) between terms.

Examples: t = u or t < u or t ⩽ u.
Formulas are either atomic or the negation (¬), disjunction (∨),

conjunction (∧), implication (→) or quantification (∀,∃) of
other formulas.

Examples: ∀x∃y [x = 2y ∨ x = 2y + 1], ∃x∀y [x + y = y ],
∀x [x + u < x ], ∀y [y · u = u], ∀z[z · u < z], ∃z[z + x = y ].
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Structures
A non-empty set with some functions (maybe also constants)
and relations. A = ⟨𝒜; fA1 , · · · , fAm, rA1 , · · · , rAn ⟩.

– if fi is a constant, then fAi ∈𝒜;
– if fj is of arity k (>0), then fAj : 𝒜k →𝒜.
– if rℓ is of arity k (>0), then rAℓ ⊆𝒜k .

Example
▶ Ordered Groups: ⟨G; ∗, e, ı′,⩽⟩ — ⟨G; eG, ı′G, ∗G,⩽G⟩

∀x , y , z(x ⩽y −→ x∗z⩽y ∗z ∧ z∗x ⩽z∗y)
▶ Fields: ⟨Q;0,1,−,+, ·, ı′⟩
ı′(0)=0 ∀x(x ̸=0 → x ·ı′(x)=1) x ·0=0 ̸=1 ̸=0·ı′(0)

MODEL THEORY
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Satisfaction in Structures

Question: Is ∃x(3x + 1 = 2y) true in N? (⟨N;0,1,+, ·, <⟩)
Answer: It depends on y :

for e.g. y =1 it is false! but for e.g. y =2 it is true.

Also, ⟨N;0,1,+, ·, <⟩ ⊭ ∀y∃x(3x + 1 = 2y);
but ⟨N;0,1,+, ·, <⟩ ⊨ ∃y∃x(3x + 1 = 2y).

Examples:
▶ N ̸|= ∀x∃y(x + y = 0) but Z |= ∀x∃y(x + y = 0).
▶ Z ̸|= ∀x∃y(x ̸=0→ [x ·y =1]) but Q |= ∀x∃y(x ̸=0→ [x ·y =1]).
▶ Q ̸|= ∀x∃y(0⩽x → [y ·y =x ]) but R |= ∀x∃y(0⩽x → [y ·y =x ]).
▶ R ̸|= ∀x∃y(y ·y+x =0) but C |= ∀x∃y(y ·y+x =0).
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Axiomatizing (Propositional and) Predicate Logic

Theorem (Gödel’s Completeness Theorem 1929)
From An Axiomatization of (Logically) Valid Formulas:

• α→ (β → α) • (¬β → ¬α) → (α→ β)
• [α→ (β → γ)] → [(α→ β) → (α→ γ)]
• ∀xφ(x) → φ(t) • φ→ ∀xφ [x is not free in φ]
• ∀x(φ→ ψ) → (∀xφ→ ∀xψ)

With the Modus Ponens Rule: • φ, φ→ ψ

ψ

All Universally Valid Formulas CAN BE PROVED/GENERATED. ■

PROOF THEORY
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(Soundness and) Strong Completeness

Semantic Definition
A ⊨ φ(x̄) depends on values of free x̄
A ⊨ ψ definite; when ψ is a sentence
A ⊨ ΣΣ A ⊨ ψ for every ψ∈ΣΣ
ΣΣ ⊨ ψ A ⊨ ψ for every A ⊨ ΣΣ

Syntactic Definition
ΣΣ ⊢ ψ ψ is proved from ΣΣ

Soundness If ΣΣ ⊢ ψ, then ΣΣ ⊨ ψ.
Completeness If ΣΣ ⊨ ψ, then ΣΣ ⊢ ψ.
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A Consequence of the Completeness

Definition (Computably Enumerable Set)
Set A is computably enumerable where there is an (input-free)
algorithm P lists all members of A; i.e., A = output(P). ⋄

Algorithm
output:

−−−−−−−→ {a0,a1,a2, · · · } = A

Algorithm: input–free, outputs a set.

input–free such as operating system

Tautologies (≡ Theorems) of the Predicate Logic is
COMPUTABLY ENUMERABLE (GÖDEL 1929).
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