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The First Identity

(a + b)2 = a2 + 2ab + b2

(a + b)2 =
(a + b)(a + b) =
(a + b)a + (a + b)b = x(y + z) = xy + xz
a(a + b) + b(a + b) = xy = yx
(a2 + ab) + (ba + b2) =
(a2 + ab) + (ab + b2) =
a2 + (ab + ab) + b2 = x + (y + z) = (x + y) + z
a2 + (1ab + 1ab) + b2 = 1x = x
a2 + 2ab + b2 1 + 1 = 2
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The First Identity, Generalized

x◦(y ◦z) = (x◦y)◦z

x∗y = y ∗x

x∗(y ◦z) = (x∗y)◦(x∗z)

ℓ∗x = x

ℓ◦ℓ = k

(u◦v)∗(u◦v)=(u∗u)◦[k∗(u∗v)]◦(v ∗v)
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An Example from Algebra & Analysis: x·0=0

Lemma

a + c = b + c
a = b

Proof.
a + c = b + c
(a + c) + (−c) = (b + c) + (−c)
a + [c + (−c)] = b + [c + (−c)]
a + 0 = b + 0
a = b ■
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An Example from Algebra & Analysis: x·0=0

Theorem

x·0=0

Proof.
x · 0 = x · (0 + 0) = x · 0 + x · 0
x · 0 = 0 + x · 0
x · 0 + x · 0 = 0 + x · 0
by the lemma
x · 0 = 0 ■
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Groups


x∗(y ∗z) = (x∗y)∗z associativity
x∗e = x = e∗x idenetity
x∗ı′(x) = e = ı′(x)∗x inverse

Example
▶ in Z: ∗ = +, e = 0, ı′ = −. ⟨Z; +,0,−⟩
▶ in Q−{0}: ∗ = ×, e = 1, ı′(x) = 1

x . ⟨Q;×,1,1/x⟩
▶ in SymA: ∗ = ◦, e = IA, ı′( f ) = f−1. ⟨SymA; ◦, IA,

−1 ⟩
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The 1st Theorem in Group Theory

Theorem
The identity element is unique.

Proof.
We show

e′∗x = x
e′ = e

From the assumption and the axiom (definition) of a group

e′∗x = x
e′∗e = e

(x =e)

x∗e = x
e′∗e = e′

(x =e′)

Therefore, e′ = e. ■
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Equational Logic

x ≈ x
(Reflexivity)

x ≈ y
y ≈ x

(Symmetry)

x ≈ y , y ≈ z
x ≈ z

(Transitivity)

x1 ≈ y1, · · · , xn ≈ yn

f (x1 . . . xn) ≈ f (y1 . . . yn)
(Congruence)

x ≈ y
σ[x ] ≈ σ[y ]

(Substitutivity)
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Algebraic Structures

A non-empty set with some functions (maybe also constants)
that satisfy some equalities. A = ⟨𝒜; fA1 , · · · , fAm⟩.

– if fi is a constant, then fAi ∈𝒜;
– if fj is of arity k (>0), then fAj : 𝒜k →𝒜.

Example
▶ Groups: ⟨G; ∗, e, ı′⟩ — ⟨G; eG, ı′G, ∗G⟩
▶ Rings: ⟨Z;0,1,−,+,×⟩
▶ Modules:

UNIVERSAL ALGEBRA
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(non-)Algebraic Structures

NOT any ⟨G; ∗, e, ı′⟩-structure is a group:
▶ ⟨N; +,0, ι⟩ with ι(x) = x + 1
▶ ⟨Z;×,1,−⟩
▶ ⟨𝒫(X );−, ∅,∁ ⟩ (A∁ = X−A)

Definition
▶ Semigroup: ⟨𝒜; ∗⟩ with associative ∗ (x∗(y ∗z) = (x∗y)∗z)
▶ Monoid: ⟨𝒜; ∗,e⟩ with associative ∗ and identity e (x∗e = x)
▶ Group: . . . (x∗ı′(x) = x = ı′(x)∗x)
▶ Abelian Group: a group that satisfies also x∗y =y ∗x .
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Soundness and Completeness

Soundness and Completeness of Equational Logic
in Universal Algebra:

Theorem (Completeness of Equational Logic)
A set of identities ΣΣ implies (by the rules of Equational Logic) an
identity α≈β if and only if every algebraic structure that satisfies the
set ΣΣ also satisfies the identity α≈β.

Semantic Syntactic
A ⊨ α≈β
A ⊨ ΣΣ

ΣΣ ⊨ α≈β ΣΣ ⊢ α≈β
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The 2nd Theorem in Group Theory

Theorem
The inverse element is unique.

Proof.
In a group G, if ab = e, then u∗v =e

a−1(ab) = a−1e, so ı′(u)∗(u∗v)= ı′(u)∗e
(a−1a)b = a−1, thus (ı′(u)∗u)∗v = ı′(u)
eb = a−1, therefore e∗v = ı′(u)

b = a−1. v = ı′(u)
■
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