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Bounded Induction

Bounded Formulae

Language of Arithmetic

• LA = 〈0, 1,+, ·, <〉
• LA = 〈0,S,+, ·,≤〉

S(x) = x+ 1 x ≤ y ⇐⇒ x < y ∨ x = y

1 = S(0) x < y ⇐⇒ x ≤ y ∧ x 6= y

TermsWV Polynomials
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Bounded Induction

Bounded Formulae

Bounded Quantifiers

• All ∃x are in the form ∃x ≤ t
• All ∀y are in the form ∀y ≤ s

t, s are · · · terms

Bounded Formula: all quantifiers are bounded.

I Relations definable by bounded formulas are
• Decidable
• Primitive Recursive
• Recognizable in Linear Space [LinSpace = Space ∈ O(n)]
• Recognizable in the Linear Time Hierarchy
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Bounded Induction

Bounded Arithmetic

Peano Arithmetic

Robinson’s Arithmetic Q:
• S(x) = S(y)⇒ x = y • S(x) 6= 0
• x+ 0 = x • x+ S(y) = S(x+ y)
• x · 0 = 0 • x · S(y) = (x · y) + x
• x ≤ y ⇐⇒ ∃z(x+ z = y) • x 6= 0⇒ ∃y[x = S(y)]

Plus the Induction Axioms:
ϕ(0) ∧ ∀x[ϕ(x)→ ϕ(S(x))] =⇒ ∀yϕ(y)

Saeed Salehi http://SaeedSalehi.ir/
uΣαεε∂

Σα`ε}ı �ir

Logarithmic Witnesses in Bounded Induction IPM Logic Seminar, Dec. 31’ 2009



Logarithmic Witnesses in Bounded Induction IPM Logic Seminar, Dec. 31’ 2009

Bounded Induction

Bounded Arithmetic

Bounded Induction

Definition
Q + Induction Axiom for Bounded Formulas = I∆0

Theorem
I∆0 ` ∀x∃y η(x, y) & η ∈ ∆0 =⇒ I∆0 ` ∀x ∃y ≤ t(x) η(x, y)

t−term

Provably Recursive Functions of I∆0 are Polynomially Bounded
I∆0 ` ∀x∃y η(x, y)︸ ︷︷ ︸ =⇒ I∆0 ` ∀x ∃y ≤ t(x)η(x, y)︸ ︷︷ ︸

∆0 ∆0
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Bounded Induction

Bounded Arithmetic

Why Bounded Arithmetic?

x | y ≡ ∃z(x · z = y) Prime(x) ≡ ∀y(y | x⇒ y = 1 ∨ y = x)

PA=Peano Arithmetic PA ` ∀x∃y
(
y > x ∧ Prime(y)

)

Open Problem: I∆0 `? ∀x∃y
(
y > x ∧ Prime(y)

)

Exp = ∀x∃y[y = 2x] “ y = 2x ” ∈ ∆0

EA = I∆0 + Exp EA ` ∀x∃y
(
y > x ∧ Prime(y)

)
Elementary Arithmetic
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Bounded Induction

Bounded Arithmetic

More Bounded Arithmetic

Definition{
ω0(x) = x2

ωn+1(x) = 2ωn(log x) ω1(x) = 2log x·log x ∼ xlog x

polynomial(x) � ω1(x) � ω2(x) � · · · � 2x

Definition
Ωm = ∀x∃y[y = ωm(x)] “ y = ωm(x) ” ∈ ∆0

I∆0 $ I∆0 + Ω1 $ I∆0 + Ω2 $ · · · $ I∆0 + Exp
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Gödel’s 2nd Incompleteness Theorem

Π1−Separation

Unprovability of Consistency

Con(T) = “ T is consistent ” = ∀z¬ProofT︸ ︷︷ ︸
∆0

(z, p0 = 1q) ∈ Π1

PA 6` Con(PA) ZFC ` Con(PA)

I∆0 6` Con(I∆0) PA ` Con(I∆0)

Open Problem: Π1−Separating the hierarchy {I∆0 + Ωm}m
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Gödel’s 2nd Incompleteness Theorem

Π1−Separation

Herbrand Consistency

I Skolemizing: ∃y  eliminate ∃ & [f(x)←↩ y] f new symbol
x all the universal variables before y

I T is Consistent ⇐⇒ TSk is Consistent

Definition
Herbrand Consistency of T = Propositional Satisfiability of
every finite set of (Skolem) instances of T

I∆0 + SupExp ` HCon(T)←→ Con(T)
I∆0 6` HCon(T)←→ Con(T)

I∆0 + Exp ` HCon(I∆0) I∆0 6` HCon(I∆0) ?
I∆0 + Exp 6` Con(I∆0) X
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Gödel’s 2nd Incompleteness Theorem

Herbrand Consistency

Logarithmic Witnesses 1

Definition
logn y = log · · · log y (n−times) LOGn = {x | ∃y[x = logn y]}

Theorem
1 If θ ∈ ∆0 & m ≥ 2, then the Consistency of

HConm−2(I∆0 + Ωm) + (I∆0 + Ωm) + ∃x∈LOGm+1θ(x)
implies the Consistency of (I∆0 + Ωm) + ∃x∈LOGm+2θ(x)

where HConm−2 is HCon restricted to the cut LOGm−2.
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Gödel’s 2nd Incompleteness Theorem

Herbrand Consistency

Logarithmic Witnesses 2

Theorem
2 For any m,n ≥ 0 there exists a η(x) ∈ ∆0 such that

(I∆0 + Ωm) + ∃x∈ LOGn η(x) is Consistent, but
(I∆0 + Ωm) + ∃x∈ LOGn+1 η(x) is NOT Consistent

When HCon is Present
one can Shrink any LOGm−witness logarithmically

But not always (when HCon is not present)
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Gödel’s 2nd Incompleteness Theorem

Herbrand Consistency

Proof of Unprovability

Thus (n = m+ 1) I∆0 + Ωm 6` HConm−2(I∆0 + Ωm) for m ≥ 2:

Proof.

by 2, ∃η s.t. (a) CON
(

(I∆0 + Ωm) + ∃x∈ LOGm+1 η(x)
)

but (b) ¬CON
(

(I∆0 + Ωm) + ∃x∈ LOGm+2 η(x)
)

If HConm−2(I∆0 + Ωm) + (I∆0 + Ωm) = (I∆0 + Ωm),
then (a)+1 imply CON

(
(I∆0 + Ωm) + ∃x∈ LOGm+2 η(x)

)
contradiction with (b).

In Particular I∆0 + Ω2 6` HCon(I∆0 + Ω2)
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Gödel’s 2nd Incompleteness Theorem

Herbrand Consistency

Logarithmic Witnesses in I∆0 + Ω1

Not Good for Π1−Separating:

Theorem⋃
n(I∆0 + Ωn) 6` HCon(I∆0 + Ωm) for m ≥ 2

																																											

Theorem
1’ The Consistency of the theory

HCon(I∆0 + Ω1) + (I∆0 + Ω1) + ∃x∈LOG2θ(x)
implies the Consistency of (I∆0 + Ω1) + ∃x∈LOG3θ(x)

Corollary I∆0 + Ω1 6` HCon(I∆0 + Ω1)
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New Results

Pseudo-Logarithmic Cuts

Logarithmic Witnesses in I∆0

Definition

I := {x | ∃y[y = 2ω
2
1(x)]} J := {x | ∃y[y = 22x

4

]}

ω2
1(2x) = ω1

(
2x

2)
= 2x

4

−→ 2ω
2
1(2x) = 22x

4

2x ∈ I ⇐⇒ x ∈ J J = log I

Theorem
• The Consistency of the theory

HCon(I40) + I∆0 + ∃x∈Iθ(x)
implies the Consistency of I∆0 + ∃x∈J θ(x)

where I40 = I∆0 + ∀x∃y[y = x · x] !
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New Results

Pseudo-Logarithmic Cuts

Inside I∆0

Theorem
2’ There Exists a η(x) ∈ ∆0 such that

I∆0 + ∃x∈I η(x) is Consistent, but
I∆0 + ∃x∈J η(x) is NOT Consistent

Corollary I∆0 6` HCon(I40)

I40 = I∆0 + Ω0

Ω0 = ∀x∃y[y = ω0(x) = x2] Ω0
Sk ≡ f(x) = x2

fn(α) = (. . . ((α2)2)···)2 = α · α · α . . . α︸ ︷︷ ︸
2n−times

= α2n

pfn(2)q ∼ 2n fn(2) = 22n
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New Results

Computations

Some Dirty Computations

p(x) � xlog2 x � ω1(x) � ω2(x) = 22log2 x·log2 x

� · · · � 2x

p〈α〉q ≤ 9(pαq+ 1)2 pA_Bq (pA ∪Bq) ≤ 64 · (pAq · pBq)
length(A) (|A|) ≤ (logpAq) ppq ≤ P

(
ω1(pΛq)

) ∏
t,s∈Λptq · psq =∏

t∈Λ(ptq)2|Λ| = (
∏
t∈Λptq)

2|Λ| ≤ P(pΛq)2 logpΛq ≤ P(pΛqlogpΛq)

pΛqlogpΛq ≤ exp(logpΛq)logpΛq = exp
(
(logpΛq)2

)
= ω1(pΛq) Λ〈0〉 = Λ

Λ〈k+1〉 = Λ〈k〉 ∪ {f(t1, . . . , tm) | f ∈ L & t1, . . . , tm ∈ Λ〈k〉}
∪ {f∃xψ(x)(t1, . . . , tm) | pψq ≤ k & t1, . . . , tm ∈ Λ〈k〉}

|Λ〈n〉| ≤ P
(
(n!)n!|Λ|n!

)
pΛ〈n〉q ≤ P

((
pΛq

)|Λ|(n+1)!
)

2(j + 1)! ≤ 22j ≤ log2pΛq

pΛ〈j〉q ≤ P
((
pΛq

)|Λ|(j+1)!
)
≤ P

((
2logpΛq+1

)(logpΛq)(j+1)!
)
≤

P
(

exp
(
(logpΛq)2(j+1)!

))
≤ P

(
exp

(
ω1(logpΛq)

))
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New Results

Computations

Next Talk:
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Farewell

Future Works ?

Conjecture

1
⋃

n(I∆0 + Ωn) 6` HCon(I∆0 + Ω1)

2
⋃

n(I∆0 + Ωn) 6` HCon(I∆0 + Ω0) = HCon(I40)

Problems
1
⋃

n(I∆0 + Ωn) 6` HCon(I∆0) for a good definition of HCon

2 Proving GST T 6` HCon(T) nicely and neatly
for every T ⊇ Q−Robinson’s Arithmetic
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Farewell

Thank You!

Thanks to the

Participants

and The Organizers of the

IPM Logic Seminar
December 30–31, 2009
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