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The Fundamental Theorem of …

▶ The Fundamental Theorem of Arithmetic
∀n⩾2: n =

∏
i
pαi

i
uniquely, for some primes ⟨pi⟩i.

▶ The Fundamental Theorem of Calculus
d
dx

∫
x

a
f (y)dy = f (x) and

∫
x

a
F ′(y)dy = F (x)−F (a).

▶ The Fundamental Theorem of Algebra
∀⟨ai⟩i<n

∃z∈C: zn+
∑

i<n
aiz

i = 0.

▶ The Fundamental Theorem of Linear Algebra
▶ The Fundamental Theorem of Galois Theory
▶ The Fundamental Theorem of …
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The Fundamental Theorem of (Mathematical) Logic?

“The (Soundness and Strong) Completeness Theorem”

Γ ⊢ ψ ⇐⇒ Γ ⊨ ψ

Syntax Semantics
how to form a formula how to interpret a formula
a derivation calculus D a class of models C

Γ ⊢D ψ for sentences Γ, ψ means Γ ⊨C ψ for sentences Γ, ψ means
there is a D-proof of ψ from Γ that for each M∈C ,

if M ⊨ Γ then M ⊨ ψ
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The Completeness of Propositional Logic
▶ SEMANTICS: Truth-Tables (Ch. Peirce 1883 / 1893).
▶ SYNTAX: Principia Mathematica (A.N. Whitehead &

B. Russell, 1910, 1912, 1913).
▶ E. Post (Introduction to a General Theory of Elementary

Propositions, American Journal of Mathematics, 1921):
▶ Language: ¬,∨
▶ Axioms:

▶ ¬(p ∨ p) ∨ p p∨p→p
▶ ¬q ∨ (p ∨ q) q→p∨q
▶ ¬(p ∨ q) ∨ (q ∨ p) p∨q→q∨p
▶ ¬(¬q ∨ r) ∨ [¬(p ∨ q) ∨ (p ∨ r)] (q→ r)→(p∨q→p∨r)
▶ ¬[p ∨ (q ∨ r)] ∨ [q ∨ (p ∨ r)] p∨(q∨r)→q∨(p∨r)

▶ Rule:

A, ¬A ∨ B
B

mp
A, A → B

B
Note that p → q ≡ ¬p ∨ q, p∧ q ≡ ¬(¬p ∨ ¬q), p ↔ q ≡ · · · .
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Some History (?)
“Sentential Logic was created in 225 B.C.E. by the ancient Greek
logician Chrysippus. That knowledge of logic was lost in the Dark
Ages but was rediscovered by the French philosopher Abelard in the
12th century. The truth table system for Sentential Logic was
invented in 1902 by the American logician Charles Peirce to display
how the truth of some sentences will affect the truth of others. Truth
tables were rediscovered independently by Ludwig Wittgenstein and
Emil Post.”

–Bradley H. Dowden (2021); Logical Reasoning, Open Education

Resource (OER) LibreTexts Project.

https://human.libretexts.org/Bookshelves/Philosophy/Book%3A Logical Reasoning (Dowden)

“syntactic (“Post-”) and semantic completeness … were first

obtained by Hilbert and Bernays in 1918.” (R. Zach, BSL 1999.)
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The Completeness of A Sub–Propositional Logic

Implicational Logic (→)

▶ p → (q → p)
▶ [p → (q → r)] −→ [(p → q) → (p → r)]
▶ [(p → q) → p] −→ p
▶ Rule:

mp
A, A → B

B

Implication and Falsum (→,F)
▶ F → p

¬q ≡ (q → F), p∨ q ≡ ¬p → q, p∧ q ≡ ¬(p → ¬q).
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The Completeness of Classical Logic(s)
Implication and Negation (→,¬)

▶ p → (q → p)
▶ [p → (q → r)] −→ [(p → q) → (p → r)]
▶ [¬q → ¬p] −→ [p → q]
▶ Rule:

mp
A, A → B

B

Ignoring Aristotle’s Syllogistic Logic and Equality Logic …

Predicate Logic
▶ D. Hilbert & W. Ackermann (book 1928)
▶ D. Hilbert (M.A. 1929)
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K. Gödel (1930)

▶ Language: ¬,∨,∀ Write (a → b) ≡ (¬a ∨ b)
▶ Axioms:

▶ p ∨ p → p
▶ q → p ∨ q
▶ p ∨ q → q ∨ p
▶ (q → r) −→ (p ∨ q → p ∨ r)
▶ ∀xF (x) → F (t)
▶ ∀x[A ∨ F (x)] → A ∨ ∀xF (x) x ̸∈ FV(A)

▶ Rules:

mp
A, A → B

B
g

F (x)
∀xF (x)

Note that ∃xF (x) ≡ ¬∀x¬F (x).
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The Completeness of Classical Predicate Logic

Implication, Negation, and UniversalQuantifier (→,¬,∀)
▶ p → (q → p)
▶ [p → (q → r)] −→ [(p → q) → (p → r)]
▶ [¬q → ¬p] −→ [p → q]
▶ ∀xφ→ φ(x/t)
▶ ∀x(φ→ ψ) → (∀xφ→ ∀xψ)
▶ θ → ∀xθ x ̸∈ FV(θ)
▶ Rule:

mp
A, A → B

B
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Second Order Classical Logic (?)

Syntax Semantics
how to form a formula how to interpret a formula
a derivation calculus D a class of models C

Γ ⊢D ψ for sentences Γ, ψ means Γ ⊨C ψ for sentences Γ, ψ means
there is a D-proof of ψ from Γ that for each M∈C ,

if M ⊨ Γ then M ⊨ ψ

As a consequence of Gödel’s Incompleteness Theorem (1931),
there is no re (algorithmically generable) set of sentences that can
completely axiomatize the standard second-order semantics.

L. Henkin …
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A Syntax/Semantics Game
Drinker’s Paradox: ∃x[D(x)→∀yD(y)]

— R. Smullyan (1978) “drinking principle”
Syntactic Semantic

∃x[¬D(x) ∨ ∀yD(y)] ∃?d: D(d) → ∀yD(y)
∃x¬D(x) ∨ ∀yD(y) if ∀yD(y) then let d = arbitrary

¬∀xD(x) ∨ ∀yD(y) if ∃y¬D(y) then let d = that y
¬p ∨ p in any case, D(d)→∀yD(y)

Barber’s Paradox: ¬∃x∀y[S(x, y)↔¬S(y, y)]
— B. Russell (1918).

Syntactic Semantic
∀x¬∀y[S(x, y)↔¬S(y, y)] if ∀y[S(b, y)↔¬S(y, y)] then

.

.

.

.

.

.
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Non-Classical Logics …

▶ Many-Valued Logics
Semantics

▶ Intuitionistic Logic
Syntax

▶ Fuzzy Logics
Semantics

▶ Sub-Classical Logics
Syntax & Semantics
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Intuitionistic Propositional Logic (IPL)
As formalized by A. Heyting (1930):
▶ Language: ¬,∧,∨,→
▶ Axioms:

▶ p → p ∧ p
▶ p ∧ q → q ∧ p
▶ (p → q) → (p ∧ r → q ∧ r)
▶ (p → q) ∧ (q → r) → (p → r)
▶ q → (p → q)
▶ p ∧ (p → q) → q
▶ p → p ∨ q
▶ p ∨ q → q ∨ p
▶ (p → r) ∧ (q → r) → (p ∨ q → r)
▶ ¬p → (p → q)
▶ (p → q) ∧ (p → ¬q) → ¬p

▶ Rule:

mp
A, A → B

B
CPL = IPL + (p∨¬p)
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K. Gödel (1932)

• A.S. Troelstra’s Introductory Note in Gödel’s Collected Works is
misleading and mistaken.

• Gödel’s sentences are
Fn =

∨∨
1⩽i<j⩽n

(pi↔pj)

and the proof works for logics which prove (p↔p)∨q, such as IPL.

• Gödel’s (Fuzzy Propositional) Logics: GLn = IPL+Fn (for n>2!).

• We have IPL ⊊ · · · ⊊ GLn+1 ⊊ GLn ⊊ · · · ⊊ GL3 = CPC.
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K. Gödel (1932)’s Proof
• Obviously, GLn+1 ⊆ GLn since Fn ⊢ Fn+1 (by a→a∨b).
• Also, F3 ⊢ (⊤↔a)∨(a↔⊥)∨(⊤↔⊥) [≡ a∨¬a].
• Gödel uses a finitely many-valued semantics to show IPL ⊬Fn.

▶ Thus, IPL is not n-many-valued (for any n>2),
since Fn is a tautology in any n-many-valued logic.

• Fuzzy version of Gödel’s m-valued semantics (Sm) is:
▶ Values: {0, 1

m−1 ,
2

m−1 , · · · ,
m−2
m−1 , 1}

▶ Truth: 1, Falsity: 0 ⊨Sm IPL+{Fn}n>m

▶ v(a∧b) = min{v(a), v(b)} n⩽m =⇒ ⊭Sm Fn
▶ v(a∨b) = max{v(a), v(b)} ∴ IPL ⊭Sn Fn
▶ v(¬a) = v(a→F)

▶ v(a→b) =

{
1 if v(a)⩽v(b),

v(b) if v(a)>v(b).
a↔b =

{
1 if a=b,

a∧b if a ̸=b.
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Gödel–Dummet Logic
• Gödel (Fuzzy Propositional) Logic:

GDL=
⋂

n>2
GLn = IPL+(p→q)∨(q→p)

is (sound and strongly) complete with respect to
Linear (rooted) Kripke Models, and also Connected Kripke Models.

Two Semantics for One Logic!
• Fuzzy version of Gödel’s infinitely many-valued semantics is:
▶ Values: [0, 1]
▶ Truth: 1, Falsity: 0.
▶ v(a∧b) = min{v(a), v(b)}
▶ v(a∨b) = max{v(a), v(b)}

▶ v(a→b) =

{
1 if a⩽b,

b if a>b.

▶ v(¬a) = v(a→0)
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Inter-Definability of Propositional Connectives

▶ Classical Logic: Everything is definable from
{¬,→}, {¬,∨}, {¬,∧};

but not from {∨,∧,→,↔}, {¬,↔}.

▶ Intuitionistic Logic: Nothing is definable from the rest!

▶ Gödel–Dummett Logic: Only ∨ is definable from {→,∧},
Two Axiomatizations for One Logic!

GDL= IPL + (p∨q)⇔ [(p→q)→q]∧[(q→p)→p];
no other connective is definable from the rest.
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Different Semantics …
We have another semantics for Intuitionistic (Predicate) Logic (and
Arithmetic, HA): Kleene’s Recursive Realizability (JSL 1945).

HA is sound (but not complete; HA+ECT0 is).

S.C. Kleene showed that

Double Negation Shift (DNS) ∀x¬¬α(x) → ¬¬∀xα(x)
is not realizable, and so DNS is not provable from HA

(even HA+ECT0 ⊬ DNS).

But we do not have an explicit Kripke Model M of HA in which
DNS does not hold (i.e., M ⊨ HA and M ⊭ DNS).

Problem (Open)
Find / Construct one such Kripke model. ♦
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Thank You!

Thanks to

The Participants . . . . . . . . . . . . . . . . For Listening · · ·

and

The Organizers — For Taking Care of Everything · · ·

S a e e d S a l e h i.ir
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