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The Fundamental Theorem of ...

» THE FUNDAMENTAL THEOREM OF Arithmetic
Vn>2 n =], p{" uniquely, for some primes (p;),.

» Tue FUNDAMENTAL THEOREM OF Calculus
Lo f(ndy=f(x) and [ F(y)dy= F(x)—F(a).

» THE FUNDAMENTAL THEOREM OF Algebra
V(ai)ic,32z€C: 2"+, @iz = 0.

» THE FUNDAMENTAL THEOREM OF Linear Algebra

v

THE FUNDAMENTAL THEOREM OF Galois Theory

» THE FUNDAMENTAL THEOREM OF ...
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The Fundamental Theorem of (Mathematical) Logic?

“THE (SOUNDNESS AND STRONG) COMPLETENESS THEOREM”

'Yy <= TFY

SYNTAX || SEMANTICS
how to form a formula how to interpret a formula
a derivation calculus a class of models ¢
I' F4 1 for sentences I', 1) means || I' F¢ 1) for sentences I', ¢ means
there is a Z-proof of ¢ from T’ that for each M €,

if M ET then M E 4
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The Completeness of Propositional Logic

» SEMANTICS: Truth-Tables (CH. PEIRCE 1883 / 1893).
» SYNTAX: Principia Mathematica (A.N. WHITEHEAD &
B. RusskeLL, 1910, 1912, 1913).

» E.Post (Introduction to a General Theory of Elementary
Propositions, American Journal of Mathematics, 1921):

» Language: -,V

> Axioms:
> =(pvp)Vp pVp—p
> —qV(pVaq) q—pVq
> =(pvaq)V(qVp) pPVq—qVp
> (=qVvr)VI=(pVaq)V(pVr)] (g—r)—=(pvq—pVr)
> —lpVv(gvn]Vvigv(pVr)] pV(qVr)—qV(pVr)
> Rule:
W A AV B A A B

MP
B B
Note thatp - g=-pVgq pAg=-(-pV—q), p+rqg=---.
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Some History (?)

“Sentential Logic was created in 225 B.C.E. by the ancient Greek
logician Chrysippus. That knowledge of logic was lost in the Dark
Ages but was rediscovered by the French philosopher Abelard in the
12th century. The truth table system for Sentential Logic was
invented in 1902 by the American logician Charles Peirce to display
how the truth of some sentences will affect the truth of others. Truth
tables were rediscovered independently by Ludwig Wittgenstein and
Emil Post”

-BrapLEY H. DOWDEN (2021); Logical Reasoning, Open Education
Resource (OER) LibreTexts Project.
https://human.libretexts.org/Bookshelves/Philosophy/Book%3A_Logical_Reasoning_(Dowden)

“syntactic (“Post-") and semantic completeness ... were first
obtained by Hilbert and Bernays in 1918 (R. ZacH, BSL 1999.)
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The Completeness of A Sub—Propositional Logic

Implicational Logic (—)

> p—(q—p)

> [p=(qg—=r)]—1[p—q) = (p—r)
> [(p—=q)—pl—p

» Rule:
LA AEB

B

Implication and Falsum (—, F)
> F—p

~q=(q—F), pvg=-p—q pAqg=-(p— q).
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The Completeness of Classical Logic(s)

Implication and Negation (—, )
> p—(q—p)
> lp—=(q=n)]—(p—=q) —(p—=r)
> [~q— —p] — [p— q]

» Rule:
A, A— B
MPp ———————

B

Ignoring Aristotle’s Syllogistic Logic and Equality Logic ...

Predicate Logic
» D. HiLBERT & W. ACKERMANN (book 1928)
» D. HiLBERT (M.A. 1929)
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K. GODEL (1930)

» Language: =, V,V Write (a — b) = (—aV b)
> Axioms:

> pVp—p

> g—>pVg

> pVqg—qVp

> (g—=r)—(pVvg—=pVr)

> VxF(x) — F(t)

> Vx[AV F(x)] = AV VxF(x) x ¢ FV(A)
> Rules:
A, A— B F(x)
me B ¢ VxF(x)

Note that IxF(x) = —Vx—F(x).
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The Completeness of Classical Predicate Logic

Implication, Negation, and Universal Quantifier (—, —, V)
> p—(q—p)

[p=(q—= )] —1p—=q) = (p—r)

[~¢—= —pl — [p— 4]

Vxp = @(x/t)

Vx(e = ) = (Vxp — Vx1))

0 — Vx0 x € FV(0)

Rule:
A, A— B
MP —MM

B

vVvYvyVvyVvyy
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Second Order Classical Logic (?)

SynTAax || SEMANTICS
how to form a formula how to interpret a formula
a derivation calculus ¥ a class of models ¢
I' F4 1 for sentences I', 1) means || I' F¢ 1) for sentences I', ¢ means
there is a -proof of ¢ from T’ that for each M €7,

if M E T then M F v

As a consequence of GODEL’S INCOMPLETENESS THEOREM (1931),
there is no Re (algorithmically generable) set of sentences that can
completely axiomatize the standard second-order semantics.

L. HENKIN ...
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A Syntax/Semantics Game

Drinker’s Paradox: 3x[D(x) —VyD(y)]
— R. SMULLYAN (1978) “drinking principle”

SYNTACTIC || SEMANTIC
Ix[-D(x) v VyD(y)] 3?d: D(d) — VyD(y)
Ix—D(x) vV VyD(y) if VyD(y) then let d = arbitrary
=VxD(x) V VyD(y) if 3y—D(y) then let d = that y
-pVp in any case, D(d)— YyD(y)

Barber’s Paradox: =3xVy[S(x, y) <> —5(y, y)]
— B. RusskeLL (1918).
SYNTACTIC || SEMANTIC

Vx=Vy[S(x, y) <> =S(y, y)] if Vy[S(b, y) <> =S(y, y)] then
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Non-Classical Logics ...

» Many-Valued Logics

Semantics

P Intuitionistic Logic

Syntax

» Fuzzy Logics

Semantics

» Sub-Classical Logics

Syntax & Semantics
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Intuitionistic Propositional Logic (IPL)
As formalized by A. HEYTING (1930):
» Language: =, A\, V, —
» Axioms:
p—pAPp
PAG—qAPp
(p—=>q) = (pAr—qAr)
(P> g N(g—=r1)=(p—1)
q—(p—q)
pA(p—4q)—q
p—pVq
pVq—qVp
(p=>r)A(q—r)—=(pVqg—r)
—p—(p—q)
(P> N(p——q) = —p
» Rule: A A= B
Mg

VYVVVVVYVYVYYVYY

|CPL = IPL + (pV—p)|
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Chapter 11
From Intuitionism to Many-Valued
Logics Through Kripke Models

Abstract Intuitionistic Propositional Logic is proved to be an infinitely many val-
ued logic by Godel (Kurt Gidel collected works (Volume 1) Publications 1929-1936,
Oxford University Press, pp 222-225, 1932), and it is proved by Jaskowski (Actes
du Congrés International de Philosophie Scientifique. V1. Philosophie des Mathéma-
tiques. Actualités Scientifiques et Industrielles 393:58-61. 1936) to be a countably
many valued logic. In this paper, we provide alternative proofs for these theorems by
using models of Kripke (] Symbol Logic 24(1):1-14, 1959). Gédel's proof gave rise
to an intermediate propositional logic (between intuitionistic and classical), that is
known nowadays as Godel or the Gédel-Dummett Logic, and is studied by fuzzy logi-
cians as well. We also provide some results on the inter-definability of propositional
connectives in this logic,

Saeed Salehi

Dedicated to Professor MOHAMMAD ARDESHIR with high appreciation and admiration.

© Springer Nature Switzerland AG 2021 339
M. Maojtahedi et al. (eds.). Mathematics, Logic, and their Philosophies,
Logic, Epistemology, and the Unity of Science 49, hitps://doi.org/10.1007/978-3-030-53654-1_11
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Definition 1 (Kripke Frames)
A Kripke frame is a partially ordered set; i.e., an ordered pair (K, =) where = C K?
is a reflexive, transitive and anti-symmetric binary relation on K. <+

Definition 3 (Kripke Models)
A Kripke model is a triple IC = (K, =, IFF), where (K, =) is a Kripke frame equipped
with a persistent binary (satisfaction) relation |- € K x At; persistency (of the rela-
tion |- with respect to =) means that forall k, k" € K and p € At, if k" =k |- p then
k' IF p.

The satisfaction relation can be extended to all the (propositional) formulas, i.e.,
tolF € K x Fm, as follows:

kIET.

klF(patd) < kl-@pandk - .

klF(pve) < klFgorkl- .

klF(—p) < Yk =k(k' ¥ @).

klF(p—=1) < VK =kk'IFp =K IF). 4

o 0o 0 o O
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Lemma 1 (A Tautology in n-Valued Logics)
Foranyn > 1, the formula \)(/!.{jgn (pi — p;) is a tautology in any n-valued logic in
which the formula (p— p)V q is a tautology.

Proof In an n-valued logic, the n + 1 atoms {pg, pi. ..., pa} can take n values. So,
under a valuation function, there should exist some i < j < n such that p; and p;
take the same value, by the Pigeonhole Principle. Since (p— p) v q is a tautology,
then the formula \Y/, _ Jh (p; — p;) should be mapped to the designated value by all
the valuation functions. Q

The lemma implies that the formula (A— B)v (A— C) v (B— C) is a tau-
tology in the classical propositional logic; this formula is not a tautology in the
intuitionistic (or even Gédel-Dummett) propositional logic.
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Theorem 1 (Godel 1932: IPL Is Not Finitely Many Valued)
Intuitionistic propositional logic is not finitely many valued.

Proof By Lemma 1 it suffices to show that for any n > 1, \/; _; ,
a tautology in IPL. Consider the Kripke model K = (K, =, IF) with
R =k koykviovoikanz=th
== ki, k) [ i <n}U{(ki, ki) | i <n}U {(k, k)}, and
Ik = {(kﬂt pU)! (k].! PI)\ rees (kn—la pﬂ—])}'

L kﬂ [[pﬂ]] bl kl [[pl]] St - ku—l [[pn.—l]]

N

Forany i < n we have k; |- p;, and also k; ¥ p; forany j > i. So, k; ¥ p; — p; for
any i < j < n; which implies that k \W;-(jg,,(lﬂf —Ppj). a

(p; — p;) is not
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K. GODEL (1932)

e AS. Troelstra’s Introductory Note in GODEL’s Collected Works is
misleading and mistaken.

e GODEL’s sentences are
Fn = V (pi<>pj)
1<i<j<n
and the proof works for logics which prove (p< p)V g, such as IPL.
e GODEL’s (Fuzzy Propositional) Logics: GL,, = IPL+F, (for n> 2!).

eWehave IPLC --- C GLyy; CGL, C -+ C GL; = CPC.
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K. GODEL (1932)’s Proof
e Obviously, GL, 1 € GL, since F, - F,44 (by a— aV b).
e Also, 5 - (T« a)V(a+>L)V(T+L1) [= aV-d].
o GODEL uses a finitely many-valued semantics to show IPL * F,.

»  Thus, IPL is not n-many-valued (for any n> 2),
since F, is a tautology in any n-many-valued logic.

e Fuzzy version of GODEL’s m-valued semantics (Sy,) is:

> Values: {0, =, 2= ... 22 1}

» Truth: 1, Falsity: 0 Fs, JPL+{Fy}n>m
» v(aAb) = min{v(a), v(b)} n<m=—Fs, F,
» v(aVb) = max{v(a),v(b)} IPL ¥s, Fp,
» v(—a) = v(a—F)

. - o
> v(a%b):{1 if v(a) < v(b), a<—>b:{1 if a=b,

v(b) if v(a)>v(b). alb if a#b.
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GODEL-DUMMET Logic

o GODEL (Fuzzy Propositional) Logic:
GDL=(1,.,GL, = IPL+(p—q)V(q— p)
is (sound and strongly) complete with respect to
Linear (rooted) KripkE Models, and also Connected KripKE Models.
Two Semantics for One Logic!
e Fuzzy version of GODEL’s infinitely many-valued semantics is:

» Values: [0, 1]

» Truth: 1, Falsity: 0.

» v(anb) = min{v(a),v(b)}
» v(aVvb) = max{v(a),v(b)}

1 ifa<h,
v(a—>b):{ s

v

b if a>b.
» v(—a) = v(a—0)
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Soft Comput (2018) 22:839-844
hups:fidoi.org/ 10, 1007/00500-016-2387-4

METHODOLOGIES AND APPLICATION
Kripke semantics for fuzzy logics

Parvin Safari' - Saeed Salehi’
3 Conclusions
Godel fuzzy logic is axiomatized as BL plus the axiom

@ — (p&yp) of idempotence of conjunction (cf. Bendovi
1999).

Dummett (1939) showed that this logic can be com-
pletely axiomatized by the axioms of intuitionistic logic plus
the axiom (p — ¥) v (y — ¢). Indeed, the Godel-
Dummett logic is sound and strongly complete with respect
to reflexive, transitive, connected, and persistent Kripke mod-
els. In Corollary 1. we showed that the only class of Kripke
models which could be sound and (strongly) complete for
a logic containing BL must contain the class of reflexive,
transitive, connected and persistent Kripke models. In the
other words, any logic that contains BL and is axiomatiz-
ing a class of Kripke frames/models must also contain the
Godel-Dummett logic (cf. Proposition 2). So. a Kripke-
model-theoretic characterization of Godel fuzzy logic is that
it is the smallest fuzzy logic containing the basic fuzzy logic
which is sound and complete with respect 1o a class of Kripke
frames/models. Also, the class of reflexive, transitive, con-
nected, and persistent Kripke models is the smallest class that
can be axiomatized by a propositional fuzzy logic.
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Inter-Definability of Propositional Connectives

» CurassicaL Logic: Everything is definable from

{—|, —)}, {—|7 V}, {—|7 /\};

but not from {V, A, —, <>}, {—. <}
» INTUITIONISTIC LogIc: Nothing is definable from the rest!

» GODEL-DUMMETT Logic: Only V is definable from {—, A},
Two Axiomatizations for One Logic!
GDL=IPL + (pV q) < [(p— q) = q|A[(g— p) = pl;
no other connective is definable from the rest.
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Different Semantics ...

We have another semantics for Intuitionistic (Predicate) Logic (and
Arithmetic, HA): KLEENE’s Recursive Realizability (FSL 1945).

HA is sound (but not complete; HA+ECT) is).

S.C. KLEENE showed that
Double Negation Shift (DNS) Vx——a(x) — ——Vxa(x)
is not realizable, and so DNS is not provable from HA
(even HA+ECT, ¥ DNS).

But we do not have an explicit KripKE Model 9 of HA in which
DNS does not hold (i.e., Mt F HA and 9t # DNS).

Problem (Open)

Find / Construct one such KrRIPKE model. ¢
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Thank You!

Thanks to
The Participants ................ For Listening - -
and

The Organizers — For Taking Care of Everything - - -

SAEED SALEHI.Ir
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